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Chemistry. — The oxides of thio-urea. (Third communication). By 
J. BOESEKEN. 


(Communicated at the meeting of January 29, 1938.) 


In my previous communications!) I gave a summary of the preparation 
and properties of the dioxide and trioxide. 

The former, rapidly heated with a number of metallic salts in am- 
moniacal or feebly alkaline solutions, yielded : the metals themselves, often 
in the form of a mirror. Since Cadmium belongs to these metallic salts 
(and further all less positive metals), it is the most strongly reducing 
substance known to us. 

It was further found that the dioxide in alkaline solution was quanti- 
tatively attacked by HyOzs according to the relation 


(H,N),CSO, + 2H,O, + 2 KOH = CO(NH,), + K,SO, + 3H,O0 


whereas with KMnO, in strongly acid medium it used one atom of oxygen 
and finally with peracetic acid required exactly one molecule of this 
oxidant to change into the trioxide. 


CSO,(NH,). + CH;CO3;H — CSO,;(NH,;), + CH;COOH. 


This substance is unstable and with baryta it falls apart into barium 
sulphite and cyanamide. 


CSO,(N H;). + Ba(OH), > BaSO; + CNNH, + 2H,0O. 


On the ground of these reactions I suggested that the strongly reducing 
properties of the dioxide in alkaline medium were due to the separation of 
sulphoxylate, which consequently would possess these properties. 


CSO,(NH,), + 2NH; —- (NH,).SO, ole CNNH3. 


In order to examine this, it was tried in the first place to prepare salts 
of sulphoxylic acid by decomposition of the dioxide with alkalies or alkali- 
alkylates. 

It became apparent that the precipitate formed from the dioxide in 
sodium methylate had the following composition: Na = 21.4 and 21.3 %; 
S = 273 and 27.3%; N = 11.6 and 11.2%; C = 5.7, 8.8 and 7.5%: 
H = 1.9, 2.2 and 1.9%. By substraction O is consequently c. 30.6 %. 


1) Proc. Royal Netherlands Acad, Amsterdam, 39, 717 (1936); Rec. trav. chim. 55, 
_ 1040—1045. 
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Since the ratio Na: S:O, 1.1:1:2.2 rather approaches that of NaSO, 
than that of Na,SO, and the high C and N content indicates that the C 
and N containing rest is still for the greater part present, a splitting- 
reaction has certainly not completely set in. Indeed, with ammoniacal Cd 
it formed a precipitate of metallic Cadmium. 

The dioxide has an acid character. This is also apparent from the 
conductivity of a fresh solution: extrapolated to t = O, this amounts to 


t= 26° 


t " eae eee In normal NH;OH | Conductivity of n NH; 
Ei Ry aE ETc 

15 348 6607 

30 378 6772 

45 394 7017 

90 423 7839 

150 465 9101 


A gradual decomposition takes place, as is apparent from the rise of this 
conductivity. 

The acid character is particularly manifest in the solution in ammonia, 
the conductivity of which is much larger than the sum of the conductivities 
of NHz3 and dioxide. According to this table, the decomposition also takes 
place much more rapidly. This decomposition occurs still more rapidly 
by means of strong alkali. In this case it can be demonstrated that at first 
potassium sulphoxylate is split off; this is apparent from the decrease in 
alkalinity and the growing capacity to bind iodine. 

A fresh neutral solution has no effect on iodine. 

2.7012 gr. of dioxide dissolved in 250 cc 0.197 n NaOH (1 to 2 mol.) 
at 25°7. Of this after certain intervals 10 cc is neutralized and titrated 


with I, and Na,S,Osz. % 


‘ Titer OH’ Thio 
in mg equiv. in mg equiv. 
2 1.97 0.05 
15’ 1.38 0.98 
30 1.32 ele 
45 1.21 1.36 
ison 1.20 “he 
1208 0.97 1.61 is 


5* 


{2 


From this it follows that immediately after addition the alkali is found 
almost unaltered : an indication of the fact that the dioxide is a very weak 
acid and the decomposition takes place fairly slowly. After a quarter of 
an hour 4 equiv. of alkali is used and a substance is formed which takes 
almost one equiv. of iodine. 

In the following decomposition 


C(NH,),SO, + 2KOH > K,SO, + cyanamide (resp. urea) 


on assimilation of 4 equiv. of alkali 4 mol. of K,SO, must be formed, 
equivalent to 1 equiv. of iodine. 

After 30’ these figures are 0.65 and 1.12, i.e. to 0.65 alkali 0.28 iodine. 
Consequently that is somewhat less than is calculated according to the 
relation above (0.325). 

Pater 4 SR Se 0.76 to 1.31 : 4 = 0.33 (calculated 0.38). 
Consequently in the beginning the expected reaction, afterwards a de- 
crease of iodine and a rise of alkalinity respectively. It can then be 
demonstrated that thiosulphate has been formed and indeed, on hydro- 
lysis of the sulphoxylate, the following takes place 2) : 


2 K,SO, + H,0 — K,S,O0; + 2KOH. 
From a compound which requires four equiv. of iodine, 3 mol. is formed 
of a substance which requires two, so the use of iodine is reduced to i, 
while the amount of KOH increases. 

Also after some hours a distinct rise of the alkali content is found. 

However, it may be assumed that after the first three quarters of an 
hour mainly sulphoxylate is present. This solution no longer gives a 
Cadmium-reaction; consequently it is not the sulphoxylate which de- 
termines this strong reduction. CdS, however, is formed. 

Since this splitting-reaction sets in more rapidly on heating, it is clear 
that the precipitate formed in case of heating with an ammoniacal Cd 
solution is not a pure metal, but must be mixed with CdS and possibly with 
CdSO3. This is also apparent from the analyses of the precipitate. 


Cd = 89.1; S = 4.85; O = 6.05 
Cd.= 89.8; S = 5.35; O = 4.85 
Cd = 91.0; S = 0.6; O = 7.65 (excess of dioxide) 


We understand now why an ammoniacal solution, which has been 
standing for some time or has been previously heated, no longer preci- 
pitates Cd-metal. 

The strongly reducing substance is, therefore, the dioxide itself or the 
formamidine-sulphinic-acid ion. 

This has now been confirmed since the esters of sulphoxylic acid have 
become accessible. A. MEUWSEN and H. GEBHARDT3) have from the 


°*) A. KURTMARKER and E, GOLDBACH. Zeitschr. f. anorg. Ch., 166, 177 (1927). 
8) Bericht. D. Ch. G., 69, 937 (1936). 
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esters of thio-sulphuric acid by catalytic separation of S obtained an ester 
with the empiric composition (CyH5)oSO., which from the air assimilated 
an atom O and changed into dialky]! sulphite. 

On saponification no K2SO, was found, but a mixture chiefly consist- 
ing of KyS,Oz by the side of a little sulphide and sulphite (see above) : 
these are decomposition products of sulphoxylate and it may be assumed 
that this substance has been formed primarily out of its ester. This ester 
now, boiled with an ammoniacal Cadmium solution, does not yield a trace 
of metal: sulphoxylate consequently does not possess the capacity to 
make this reaction set in. 

A third indication is the following : Rongalite, which may be regarded 
as the hydroxymethyl compound of sodium sulphoxylate HXCOHSO,Na, 
does not precipitate Cd from the ammoniacal solution, not even when it 
has first been acidified in order to liberate the sulphoxylic acid. 


The dioxide is stabler in acid solutions than in alkaline solutions; this 
is apparent from the table below. 


T= 25° 
Pe Conductivity ij Conductivity 
in 0.01 n HCl of 0.01 n HCl 

20 3372 

30 3413 

45 34277 3628 

150 3453 
1455 4121 


However, it is not absolutely stable in dilute acid; this is connected with 
the fact that after titration with KMnOy, we always found about 0.06—0.1 
atom O more than one atom calculated for the formation of the trioxide. 
If a little sulphoxylic acid is split off, which requires two O atoms, it is 
evident that we shall find a small excess. In pure acetic acid solution it 
is stable: indeed exactly one mol. of peracetic acid is used. © 

Also in concentrated sulphuric acid it may be dissolved without decom- 
position. From the table above it may be seen that the conductivity in 
hydrochloric acid is originally smaller than that of the hydrochloric acid 
itself : again an indication of the positively acid character of formamidine- 
sulphinic acid. The composition may, therefore, be represented by the 
symbol with the sulphur atom as bearer of the characteristic electron. 


yNH 
TAA 
\n SO oe 


2 


7% 


In acid solution the dioxide is not oxidized by iodine (see above), but 
slowly by FeClg; this follows from the discoloration of the salt and from 
the fact that some minutes after addition of a ferri-solution a blue pre- 
cipitate is obtained with potassium ferricyanide. A solution to which 
ferrisulphate is added keeps its titer towards KMnQO,; instead of the 
dioxide the equivalent amount of the ferro-salt is formed. 

Oxygen from the air is not assimilated. 

An ammoniacal solution of the dioxide assimilates oxygen very rapidly: 
it may be employed to determine the oxygen in gases (with Hempel 
pipets). 

If no catalyzer is present, only one atom O is assimilated (usually a little 
more). In the main the following reaction takes place: 


2 C(NH,)2SO, + O, — 2 C(NH)),SO; 


where part of the nitrogen is found back as urea, the sulphur as sulphite; 
the reaction-mixture assimilates one more atom oxygen from an acid 
KMnO, solution. 

This applies to the fresh solutions: if they are left standing for 30 
minutes, more than one atom oxygen is assimilated; evidently the separ- 
ated sulphoxylate, as far as it is not converted any further, changes into 
sulphate. 

The behaviour towards oxygen is remarkable when small quantities of 
metallic salts are present, such .as Fe, Cu, Co, and Ni. On addition of 
Nickel salt to the ammoniacal solution, this turns a dark yellow; if oxygen 
is quickly assimilated, the blue nickel-ammonia colour returns. Is the oxy- 
gen withdrawn, then the yellow colour is found again. This may be 
repeated till all dioxide is used up (no Cd is formed any more). The 
solution has then assimilated one atom oxygen; however, it can bind one 
more atom oxygen, all sulphur having changed into sulphate. 

This colour reaction with nickel is sensitive and characteristic: it may 
be used to indicate the dioxide. In all probability a complex nickel com- 
pound is formed which by excess of dioxide is reduced to nickel and 
quickly transfers the oxygen to the dioxide. 

Iron solutions are completely discoloured until the dioxide has assimil- 
ated one atom oxygen, when ferrihydroxide is deposited. 

On the ground of the position of Cadmium in the electric tension-series 
of the metals, the precipitation of metallic Cadmium from an ammoniacal 
solution leads us to expect that also the hydrogen ions of the water might 
be discharged. The concentration of these ions in the ammoniacal solution 
is extremely small: yet we may realize this consequence by making use 
of the catalytic action of suitable metals. On addition of finely powdered 
nickel to the solution, indeed hydrogen is formed, and that this is not a 
dissolving of the metal, which then again would be precipitated, is 
apparent from the fact that the nickel remains unaltered and does not 
contain sulphur. If we add a nickel salt, nickel is also precipitated from 


tps) 


the yellow complex compound, but this contains considerable quantities 
of sulphur. Many precious metals show the formation of hydrogen in the 
ammoniacal dioxide solution, e.g. silver, mercury, gold, platinum, copper 
— also basic metals, aluminium, magnesium and zinc, in which case it is 
remarkable that the light metals are dissolved and zinc is precipitated 
as ZnS. 

This formation of hydrogen ceases after some time; then there is no 
undecomposed dioxide left. 


The trioxide, which may be obtained in the form of beautiful plates 
from the dioxide with peracetic acid in acetic acid solution, is soluble in 
cold water. This solution is unstable. The conductivity increases fairly 
rapidly. On extrapolation to f = 0 we find a very small number, indicat- 
ing that formamidine-sulphonic acid in pure condition is practically 
neutral: certainly less strongly acid than the dioxide. 


“Conductivity of 0.1 m trioxide” 


in H,O in n NH3 in 0.01 n HCl 


The conductivity is expressed in 
KOHLRAUSCH—HOLBORN units 
30 293 38 12830 20 4048 | 10-6; that of n NH3=703, 
of 0.01 n HCl = 3628. 


90 620 98 12950 200 4930 
120 777 


The solution in ammonia points to a very rapid decomposition which 
in 8’ is nearly complete; on acidification sulphurous acid is formed. This 
is in agreement with what has been found in case of baryta, where the 
molecule was split into cyanamide and barium sulphite. In an acid medium 
this compound is not very stable: it is decomposed more rapidly than in 
water. Already after 5’ the conductivity is higher than the sum of the 
values for the trioxide and for 0.01 n hydrochloric acid. 

Formamidine-sulphonic acid also changes fairly rapidly in solid con- 
dition: after some days the crystals are dull and damp and the smell of 
sulphurous acid is perceptible. 

The solid substance contains cyanamide and dicyandiamide (only traces 
of urea). 

Evidently the following decomposition-reaction takes place: 


CSO,(NH,), = CNNH, + SO, + H,O. 


Delft, January 1938. 


Mathematics. — Sur l’hypothése de GOLDBACH. Par J. G. VAN DER 
CORPUT. 


(Communicated at the meeting of January 29, 1938.) 


Dans une lettre adressée 4 EULER et datée le 7 juin 1742 GOLDBACH 
a énoncé l’hypothése que tout nombre pair supérieur a 2 est la somme de 
deux nombres premiers, par exemple 10 —3 + 7. Nombre de mathémati- 
ciens ingénieux ont essayé de démontrer ou de réfuter cette hypothése, mais 
jusqu a présent en vain. Si l'hypothése de GOLDBACH est vraie, tout nombre 
impair w supérieur a 5 est la somme de trois nombres premiers; en effet 
w — 3 est alors pair et supérieur a 2, donc, d’aprés l’hypothése, égal a la 
somme de deux nombres premiers, d’ot il suit que le nombre w lui-méme 
est la somme de trois nombres premiers. Cette derniére hypothése, qui est 
appelée I’hypothése de GOLDBACH pour les nombres impairs, a été démontrée 
en mai 1937 par M. I. M. VinoGrRapDow, il est vrai avec une certaine 
restriction. Cette restriction n'est pas d’ailleurs essentielle. I] a démontré 
que tout nombre impair suffisamment grand est la somme de trois nombres 
premiers. ; 

La méthode créée par lui fournit beaucoup de résultats remarquables. 
Qu’il me soit permis de traiter ici quelques-uns de ces résultats. 

Presque tout nombre positif pair est la somme de deux nombres premiers, 
cest-a-dire, « désignant un nombre positif quelconque, le nombre des 
exceptions < N est inférieur a eN, si N est suffisamment grand. II existe 
méme une constante absolue c, telle que pour tout nombre N => 3 le nombre 
des exceptions <WN soit inférieur a eC, 1). Il est donc encore 

(log N)1000 
possible qu'il y a une infinité d'exceptions, mais en tout cas ces exceptions 
sont clairsemées dans la suite des nombres positifs pairs. 

Comme on peut vérifier par l'expérience, les nombres 4996, 4998 et 5000 
peuvent etre écrits respectivement de 124, 288 et 150 maniéres différentes 
comme la somme de deux nombres premiers. Si F(t) désigne le nombre 
de maniéres différentes dont on peut écrire t comme la somme de deux 
nombres premiers, on a donc 


F (4996) = 124; F (4998) = 288; F(5000)=150. . . (1) 


Ce résultat nous montre que l’ordre de grandeur de F(t) ne dépend pas 
seulement de l'ordre de grandeur de ¢; il dépend aussi du caractére arithmé- 
tique de t. D'une maniére plus précise: l'expérience nous apprend (mais 
naturellement pas avec une certitude mathématique) que F(t) posséde pour 


1) On peut remplacer l'exposant 1000 par un nombre quelconque m, mais alors le 


nombre c, figurant dans la formule, désigne un nombre convenablement choisi, dépendant 
de m., 


rir 


tout nombre positif pair une valeur approximative qui est égale a un pro- 
duit Q(t) D(t), ot Q(t) dépend du caractére arithmétique de ¢, et D(t) 
de l’ordre de grandeur de f: 


is du 
| i essen _ a ee a 
os J log u log (t—u) 
et : 
Oi Ip ee 
pit p—2 
p>2 


ou le produit est étendu a tous les facteurs premiers impairs de ¢, tandis 
que K est la constante absolue 


é 1 
CI pe a 
p>2 ( op) 


le produit étant étendu a tous les nombres premiers impairs. 

Si I'hypothése que (2(t)(t) est une valeur approximative de F(t) est 
vraie, on a pour deux nombres pairs ¢ qui sont a peu prés égaux que les 
nombres F(t) sont approximativement proportionnels 4 Q(t); donc 


F (4996) = F (2? 1249); F(4998)=F (2.3.7?.17) et F (5000) — F (235%) 
Seraient approximativement proportionnels a 


1248 222209216 a 
Waltinadl< Shag Smee 
ce gui concorde trés bien avec (1). 

I] est vrai que nous ne sommes pas encore persuadés avec une certitude 
mathématique de la vérité de I'hypothése que Q(t) @(t) est pour tout 
nombre positif pair une valeur approximative de F(t), mais maintenant 
nous savons du moins que cette hypothése est vraie pour presque tout 
nombre positif pair. Dit plus précisément: pour tout N >3 le nombre des 
nombres positifs pairs t < N qui ne satisfont pas a l'inégalité 


eed lore ae 
2 (t) D (¢) (log N)190° 
ee ae N oul cy désigne une constante absolue 1). 
(log N)#990’ 2 

La méthode peut étre appliquée non seulement a la somme, mais aussi 
a la différence de deux nombres premiers. Presque tout nombre pair est 
la différence de deux nombres premiers; pour toute valeur > 3 de N le 


c3;. N 


nombre des exceptions situées entre — N et WN est inférieur a (log N)*000 


est inférieur a 


ou cz désigne une constante absolue 1). 
Si F(t, N) désigne le nombre de maniéres différentes dont il est possible 
d’écrire tf comme la différence de deux nombres premiers < N, l’expérience 


1) Voir la note a la premiére page de cet article. 
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donne une grande plausibilité a I'hypothése que F(t, N) posséde pour 
toute valeur paire ~ 0 de ¢ et pour toute valeur 2 3 de N la valeur 


approximative 


2 | | SIR 
J) J log ulog v 

ot l'intégrale double est étendue a l'ensemble des points du carré 2 <u SN, 
2<v<N pour lesquels on a |u—v—t| <4. Par exemple le nombre de 
maniéres dont on peut écrire 2 comme la différence de deux nombres 
premiers < 10° est égal a 8164, tandis que l’expression (2) est pour t= 2 
et N=10° a peu prés égale a 8200. Nous ne savons pas encore si 
l'expression (2) fournit toujours une valeur approximative de F(t, N), 
mais en tout cas elle donne presque toujours une telle valeur. 

Plus généralement nous nous demandons maintenant quels nombres w 
possédent la forme ap + bq ou p et q désignent des nombres premiers 
impairs, a et b des nombres entiers donnés non-nuls. I] est évident que 
seules les valeurs de w entrent en considération qui ont la méme parité que 
a + b, c'est-a-dire qui sont paires ou impaires selon que a + b est pair ou 
impair. Inversement, si les coefficients donnés a et b sont premiers entre 
eux et ne sont pas tous les deux négatifs, presque tout nombre positif de la 
méme parité que a + b, posséde la susdite forme ap + bq. Par exemple: 
presque tout nombre positif impair est le double d'un nombre premier, 
augmenté d'un nombre premier; presque tout nombre positif pair est un 
nombre premier, augmenté du triple d’un nombre premier. 

On peut encore imposer aux nombres premiers p et q la condition, qu’ils 
appartiennent a des progressions arithmétiques données. Si p est un multiple 
ae 10, augmenté de 1 et si q est un multiple de 10, augmenté de 7, le 
nombre 2p + 3q est un multiple de 10, augmenté de 2.1 + 3.7 —20—3. 
La méthode, dont il est question ici, nous apprend que presque tout nombre 
positif qui est égal 4 un multiple de 10, augmenté de 3, posséde la forme 
2p + 3q, ou p et q désignent des nombres premiers qui sont égaux a un 
multiple de 10, augmenté respectivement de 1 et de 7. 

Il est remarquable que la méthode peut étre appliquée non seulement a 
des problémes linéaires, mais aussi 4 des problémes quadratiques. Consi- 
dérons l’expression ap? + bq? + cr? + ds2, oi p, q, r et s désignent des 
nombres premiers > 3. Supposons que les coefficients a, b, c et d soient des 
entiers donnés non-nuls tels qu'un nombre premier quelconque figure 
comme facteur dans deux de ces quatre coefficients tout au plus. II est 
évident que tout nombre w possédant la susdite forme est égal a un multiple 
de 24, augmenté de a+6-+c-+d. Inversement presque tout nombre 
naturel qui est égal 4 un multiple de 24, augmenté de a+ b +c +d peut 
étre mis sous la forme en question. Par conséquent presque tout nombre 
naturel qui est égal a un multiple de 24, augmenté de 4, est la somme des 
carrés de quatre nombres premiers. 

D’une maniére analogue on peut traiter la forme intermédiaire 
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ap + bq? + cr2. Considérons le cas spécial a—b—c =]; tout nombre 
qui est égal 4 un nombre premier > 3, augmenté de la somme des carrés 
de deux nombres premiers > 3, est nécessairement un multiple de 6, aug- 
menté de | ou 3, Le développement des mathématiques pendant les derniers 
mois nous apprend inversement que presque tout nombre naturel qui est un 
multiple de 6, augmenté de 1 ou 3, est égal 4 un nombre premier, augmenté 
de la somme des carrés de deux nombres premiers, 

Les propositions précitées ont le désavantage qu’elles contiennent une 
restriction essentielle, exprimée par le mot » presque’, mais elles nous 
permettent de déduire des autres propositions qui ne possédent pas cet 
inconvénient. Soit par exemple w un nombre impair > 3. Il y a plus de 


Ww 


nombres premiers impairs p~<w, donc plus de nombres 


w 
5 log w 
positifs pairs de la forme w—p. Presque tous ces nombres sont égaux a la 
somme de deux nombres premiers, c'est-a-dire, le nombre des exceptions 


5 log w 


est inférieur a aon ou cy désigne une constante absolue convenable- 
ment choisie. Par conséquent le nombre des nombres de la forme w—p qui 
peuvent é€tre écrits comme la somme de deux nombres premiers est égal a 

w C4 Ww 
5 log w (log w) 
trouvons le théoréme de M. I. M. VinoGrapow que tout nombre impair 
suffisamment grand est la somme de trois nombres premiers. 

On obtient un résultat encore plus remarquable dans le probléme suivant. 


Considérons un nombre impair non-nul quelconque w et un nombre N > 3. 


5, donc positif, si log w est supérieur a 5cy. Ainsi nous 


Il y a plus de aN nombres premiers impairs < N, donc plus de 
N 


Scene |w| nombres positifs pairs de la forme w + p, ot! p parcourt 
Og 


les nombres premiers impairs < N. Presque tous ces nombres w + p sont 
la somme de deux nombres premiers; le nombre des exceptions est inférieur 


pees ou c; désigne un nombre dépendant uniquement de w. Par 


(log N)? 


conséquent il y a plus de 


x 


N cs N 


Bog N we (log N)? 

maniéres différentes, dont on peut écrire w comme la somme de deux 
nombres premiers, diminuée d'un nombre premier. La borne inférieure, 
trouvée pour le nombre de maniéres en question, croit indéfiniment avec N, 
d'ou il suit: tout nombre impair peuz étre écrit, méme d'une infinité de 
maniéres, comme la somme de deux nombres premiers, diminuée d’un 
nombre premier. 

Des résultats trouvés par un raisonnement analogue je ne mentionne ici 
gue les suivants: 
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Tout nombre suffisamment grand qui est égal 4 un multiple de 24, 
augmenté de 5, est la somme des carrés de cing nombres premiers. 

Tout nombre qui est égal a un multiple de 24, augmenté de 3, peut étre 
écrit, méme d'une infinité de maniéres, comme la somme des carrés de 
quatre nombres premiers, diminuée du carré d'un nombre premier. 

Tout nombre pair suffisamment grand est la somme de deux nombres 
premiers, augmentée de la somme des carrés de deux nombres premiers. 

Tout nombre pair peut étre écrit, méme d'une infinité de fois, comme la 
somme de deux nombres premiers, diminuée de la somme des carrés de 
deux nombres premiers. 

Tout nombre impair suffisamment grand est la somme de deux nombres 
premiers, augmentée de la dixiéme puissance d'un nombre premier (au lieu 
de dix on peut choisir tout exposant positif et entier). 

Tout nombre impair peut étre écrit, méme d'une infinité de maniéres, 
comme la différence de deux nombres premiers, augmentée de la dixiéme 
puissance d’un nombre premier. 

Finissons par le probléme suivant, dans lequel nous supposons que les 
coefficients a, b et c soient entiers et non-nuls tels que a soit premier avec 
b et avec c et que b soit premier avec c. Nous nous demandons quels nom- 
bres w possédent la forme 

w=apt+bq+cr, 

ou p, q et r désignent des nombres premiers, appartenant a des progressions 
arithmétiques données. Supposons que ces progressions arithmétiques aient 
la méme différence et que cette différence soit un nombre naturel pair U. 
Désignons les termes initials des progressions arithmétiques contenant p, q 
et r respectivement par P, Q et R; donc p est un multiple de U, augmenté 
de P, etc. Nous supposons naturellement que la différence U soit premiére 
avec chacun de ces trois termes initials. 

I] est évident que seuls les nombres w qui sont égaux a un multiple de U, 
augmenté de aP + 6Q + cR entrent en considération. Pour la formulation 
de la proposition inverse nous distinguerons trois cas: 

1. Si les coefficients a, b et c sont tous les trois positifs, tout nombre 
w suffisamment grand qui est égal 4 un multiple de U, augmenté de 
aP + bQ-+cR, posséde la susdite forme, ou p, g et r désignent des nom- 
bres premiers, appartenant aux progressions arithmétiques précitées. 

2. Si les coefficients a, b et c sont tous les trois négatifs, tout nombre 
négatif w dont la valeur absolue est suffisamment grande et qui est égal A 
un multiple de U, augmenté de aP + bQ + cR, posséde la susdite forme. 

3. Si les trois coefficients a, b et c ne possédent pas le méme signe, tout 
nombre qui est égal 4 un multiple de LU, augmenté de aP+56Q-+cR, peut 
etre écrit, méme d'une infinité de maniéres différentes, sous la susdite forme. 

Par exemple chaque multiple de 10 peut étre écrit d'une infinité de 
maniéres sous la forme p + 2q—3r, ow p, q et r désignent des nombres 
premiers, qui sont tous les trois égaux A un multiple de 10, augmenté de 1. 


Physics. — The clarification of coal-washery effluent. By F. K. Tu. 
VAN ITERSON. 


(Communicated at the meeting of January 29, 1938.) 


1. Introduction. 


In “Separation of Substances by Flotation” we described 1) the coal- 
slurry flotationplant of the State Mines in Limburg (Holland) and 
announced, that the treatment of the tailings, a dark grey liquor, “con- 
taining about 3 percent of suspended solids consisting of shale particles 
and other dirt, partly in colloidal dispersion, would be the subject of a 
subsequent communication. 

The treatment of this effluent, which is dealt with in the present paper, 
is of a principally chemical character. 

Although the use of chemicals for the purification of industrial effluent 
was a well established method of sewage treatment already some 60 years 
ago and chemical precipitation has been discussed in detail for many 
years *), the application of coagulants for the clarification of coal-washery 
effluent has become economically feasible only in recent years. 

Formerly the transport, storage and removal of the flocculated sludge 
offered the most serious problem in connection with the chemical treat- 
ment of sewage and industrial effluent. The freshly precipitated sludge 
had a watercontent of 80—95-percent, the cost of transport over long 
distances was prohibitive and it could not be deposited on the land or 
dumped without causing justified complaint. 

Two inventions brought about the practical appliance of clarification 
by flocculation: 

10. The developement of the rotary-vacuum filters of the Oliver-, 
Wolff- and Rovac-type, which have made it possible to obtain a cake, 
that can be easily transported and dumped, or dried and incinerated. 

2°. The use of prepared starch as precipitant in stead of alum, ferrous 
sulphate (copperas), ferricchloride, lime, sulphuric acid or other electro- 
lytes, which add weight to the sludge and make it very bulky. 

Before describing some results of the elaborate research work carried 
out by the State Mines, a short paragraph may give an outline of the 
importance of chemical flocculation in engineering. An allied subject of 


1) Proc. Royal Netherlands Acad. Amsterdam, 40, 93, 228 (1937). 

?) The most complete article on chemical treatment of sewage appeared in: Sewage 
Works Journal, Vol. VII, No. 6, Nov. (1935), p. 997. The bibliography enumerates 249 
publications on the subject. The newer literature not given in that report is noticed at 
the end of this communication. 
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colloid chemistry of equal interest for the technician is peptization, but 
this cannot be dealt with now. 


2. Chemical Flocculation. 

a. When acids, bases and salts are dissolved in water their molecules 
are immediately, more or less completely dissociated by the water into 
electrically charged ions. Thereby one or more electrons pass from the 
atoms of the electropositive element to the electronegative part of the 
electrolyte-molecule. In water, with its high dielectrical constant this 
tendency results in the more or less complete dissociation of the electrolyte 
molecule in its anion and cation. The anions carry away one or more 
surplus electrons and therefore obtain a negative charge, the cations 
deprived of these electrons are positively charged. In the same way water 
itself is slightly dissociated. Pure water contains ah. grams = —, mg Ht 


10’ 
17. 
(cation) and 101 ™9 OH-— (anion) per litre. 

b. The most important characteristics of colloidally dispersed matter 
are the result of their tendency to carry electrical charges, so that there 
is a potential difference between the particles and the surrounding medium 
and a repellent force between the particles themselves. Colloidal suspen- 
sions of clay, kaolin, quartz and carbon carry a negative charge, colloidal 
dispersions of metalhydroxydes carry positive charges. Gelatine is slightly 
positive in acid, negative in alkaline solutions. The source of these charges 
may be explained by the splitting off of ions from the “colloid” or by 
the absorption of ions by the “‘colloid” from the surrounding medium. 

c. Substances in the colloidal state are readily precipitated by the 
addition of electrolytes. This phenomenon is associated with the neutrali- 
sation of the charge on the “‘colloid’’-particles. 

In 1887'C. LELy figured that the weight of the mud yearly carried to 
the sea by our great rivers, the Rhine and the Maas, amounts to 
3 million m3, The clay particles, mostly smaller than 100 uw, many of 
colloidal fineness, all negatively charged, repulse each other and show 
little tendency to settle in fresh water. But as soon as the water is mixed 
with seawater their charge is neutralised by the absorption of Nat, 
Mgt+ and Cat+ ions and flocculation takes place. The divalent cations 
Mgt+t and Ca++ may have a flocculation power about 75 times greater 
than the monovalent Nat and K+ cations 1). 

Our country has originated from the chemical flocculation of river 
dirt 2), and in the same way other fertile lands, the delta of the Nile, 
the plains of the Po and Mississippi etc. have been cep esieas 


1) H. FREUNDLICH, Kapillarchemie, 4 Aufl. (1932) II Band, S. 120. pone Phys. 
Chem., 6de druk (1936), p. 138. 


2) J. VAN BAREN, De Bodem van Nederland, Deel II (1927), p. 778, was the first 
.to apply the principles of colloid-chemistry for explaining geological processes. 
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Mischances arose from overlooking this phenomenon, we mention the 
silting up of large Storage reservoirs, obtained by building dams through 
river-valleys 1), 

In our own country and elsewhere many costly engineering failures 
occurred, which are the consequence of neglecting the basic laws of 
“colloid’’-chemistry 2). It took a long time before it was realised that the 
formation of the bars at river mouthes can only be prevented by dredging. 
And even to day when model-experiments are carried out on the silting 
of tidal harbours, the main source of settlement is disregarded 3). 

d. Besides the treatment of sewage and industrial effluent, many other 
technical applications of flocculation can be mentioned. BUSWELL 4) dis- 
cusses at considerable length the mechanism of purification reactions 
envolved with the use of aluminum-salts at filtration-plants for domestic 
water supplies. 

The same principle is applied in the treatment of the condensates of 
Steam-engines containing some oil in emulsion, which js successfully 
treated by flocculating agents, according to the invention of Dyxhoorn 
(applied at the Steam Pumping Drainage plants Lemmer and Vollen- 
hoven) 5), 

Well known, from antiquity, is the use of white of eggs for the 
clarification of the best sorts of claret and of gelatine for the cheaper 
wines, 

Prepared casein is used in the china (earthenware) industry in order 
to precipitate kaolin from its dispersion. 

The largest employment of flocculating reagents is made in the dye-stuff 
industry and for ore-dressing 6). 


3. Practical aspects of flocculation for the treatment of washery water, 
especially in the Limburg coal district. 


The particle-size of the solids suspended in the washery-water of 


1) Silting of four large reservoirs in South Africa, by Lewis. Second Congress on 
Large Dams, Washington D.C. (1936), p. 15. Salinity and Flocculation. The passage of 
turbid water through Lake Mead. by GROVER and HOWARD. Proc. Am, Soc. of Civil 
Engineers, 63, 643—667 (1937). 

?) Every engineer should study: KRUYT, Inleiding Phys. Chemie (Kolloidchemie), 
Amsterdam, Colloid, New York. 

3) The United States Waterways Experiment Station at Vicksburg. Engineering, 
Il, p- 193, 250, 273, 361 (1937). 

Modellversuche fiir Tidefliisse von R. SEIFERT, Zeitschrift des Vereins deutscher Inge- 
nieure, 2 October, S. 1161 (1937). ee 

*) A. M. BUSWELL, Chemistry of Water, p. 160—177 (1928). 

°) ‘TAGGART in Handbook of Ore Dressing, mentions: Ellis working with positive 
hydrate of ironcolloid and negative cylinder-oil emulsions. (Too much Fe(OH) gives 
dispersion). er 

6) Handbook of Ore Dressing by A. F. TAGGART, New York. JOHN WILEY SONS 


(1927). Thickenig 4, Flocculation, p. 974. 
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coal mines varies from a few millimeters to some ultramicrons. The 
colloidally dispersed matter passes through filterpaper. 

These solids include coal as well as the minerals associated with it, 
the most common of these being shale (clay), pyrites and calcite. These 
suspended solids may be classified into particles which being large enough 
to settle rapidly, are dealt with by mechanical means, i., settling tanks, 
slurry shakers or other devices, and particles which are so small that they 
require flocculation. Usually it is not possible to use sieves with a smaller 
aperture than 14 mm and this fixes the maximum size of particle which 
enters into flocculation. 

The problem to be handled by the anthracite collieries, (the private 
mines in the Limburg district), differs from that to be dealt with by the 
three largest State Mines in so far, that the former have to treat washery 
water, charged with fine coal particles, which after precipitation form a 
sludge that can be sold as an excellent and cheap fuel for domestic use, 
while the washerywater of the three bituminous coalmines is already 
stripped of all coalparticles by the froth flotation process but contains 
a considerable quantity of tailings which form a burdensome sludge of 
no value at all. 

This explains why the private mines in Limburg were the first to 
clarify their washery effluent. 

There are three different principles, by which matter in suspension 
and in colloidal “solution” may be deprived of its electrical charge, so that 
it may gather in flocs and settle. 

a. Flocculation by electrolytes. 

Hydrate of lime is used with great success at the private mine ‘‘Oranje- 
Nassau” at Heerlen for the precipitation of coal slurry (dutch “‘kolenslik”’, 
german ‘‘Schlamm’’) and at State Mine Maurits for the clarification of 
the joint effluent, containing some coal particles but mostly shale ranging 
from colloidal fineness to dimensions of about 20 wu. 

Formerly when this water was delivered untreated into the Keutelbeek, 
this stream was black like ink. Now the Keutelbeek, over a certain part 
of its course, is white like milk. The explanation of this rather curious 
phenomenon is simple. The effluent which is discharged into the stream 
is clear, but in order to meet irregularities a small excess of hydrate of 
lime is added. The stream itself is polluted by sewerage in state of 
biological oxydation and steadily develops COx, which first precipitates the 
lime and then in the course of a mile or so dissolves it as CaH,(COs3)>o. 

The figures 1, 2 and 3 show how the precipitated sludge is dug, con- 
veyed and dumped at present. This way of dealing with the effluent is 
too expensive and a part of it still escapes untreated. 

Other commonly used electrolytes for flocculation, such as iron- and 
aluminum-salts act differently according to the alkalinity of the water. 
The effluent of the coal mines of Limburg is definitely alkaline. Therefore 
the flocculation with iron-salts is not caused by the ferrous or ferric ions 


BK TH VAN ITERSON: THE CLARIFICATION 


OF COAL~WASHERY EFFLUENT. 


Fig. 1. Precipitation and settling ponds of effluent at Statemine Maurits. Transporting bridge with 
bucket dredger and elevator at background. 


Fig. 2. Detail-view of bucket dredger, rubber-belt conveyor and elevator for charging dumping cars 
with sludge flocculated with lime. 


Proceedings Royal Netherlands Acad. Amsterdam, Vol. XLI, 1938. 


Fig. 3. Dumping of flocculated sludge. See cracks in dried material in foreground. 
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but by colloidally dispersed hydroxydes. Ferric salts have no advantage 
as they are readily reduced by the effluent. 

b. Flocculation by “colloids” with an electric charge of opposite sign. 

Cataphoresis of the suspension, (the migration of the particles in an 
electric field) shows that fine particles of coal and clay dispersed in the 
washery water carry a negative electric charge, whereas colloidally dis- 
persed ironhydroxydes are positively charged. 

Mr. Tromp, chief chemist of the Domaniale Mijn (a private mine at 
Kerkrade) ascertained, that under the conditions prevailing at that 
colliery, the most economical way of precipitating the solids is by the 
use of ferrous sulphate (Fe.SOy, 7 aq). 

Some sulphuric acid added to the crystals in the dissolving tank, prevents 
the formation of Fe(OH). . In the very dilute and slightly alkaline solution 
prevailing in the settling pond, precipitation of the coal particles is caused 
by neutralising the negatively charged particles of coal by positively 
charged colloidal ferrous hydroxyde and the subsequent Sweeping of the 
suspension by the settling flocs. 

c. Flocculation by starch. 

The third and by far the most important manner by which the greater 
part of the electric charge of the suspended matter in washery effluent 
can be carried away, so that large flocs are formed, is the addition of a 
very weak ‘‘solution” of starch. 

The precurser of this method was the Henry-process, in which lime 
and frozen potato starch treated with caustic soda was used. 

In the Limburg-mining district this process was first applied with a 
perfect success at the private mine ‘‘Willem Sophia” at Spekholzerheide. 
Generally the Henry process is too complicated and too expensive. But 
in this particular case, where a small quantity of effluent was treated and 
the clear water could be recirculated infinitely, it still was a profitable 
process. 

The literature on the Henry-process is extensive1), 

In later years exhaustive experiments carried out in the laboratories 
of the State Mines in Limburg have definitively shown that the addition 


1) Klaringsinstallatie van het Afvalwater van de mijn ,,Willem Sophia”, Geologie en 
Mijnbouw, 10, 74 (1931). 7 

Neuartiges Waschwasserklarverfahren im Steinkohlenbergbau, von G. GRAF, Hamborn. 
(Mitteilung aus dem Ausschuss fiir Steinkohlenaufbereitung Gliickauf, 68, 304 (1931). 

The Henry-Process for the Clarification of Polluted Water, Engineering 138, 213, 293 
(1934) and 142, 607 (1936). : 

Betriebsversuche zur Kiarung von Schlammwasser aus der Steinkohlenwasche von Dr. 
Ing. W. PETERSEN, Gliickauf, 70, 125 (1934). 

PETERSEN writes: ,,Das nach HENRY behandelte gefrorene und in Sodalésung 
gequollene Kartoffelmehl hatte keine bessere, sondern verschiedentlich sogar eine 
schlechtere Flockung der Schlamme als die gewohnliche Starkelésung zur Folge.” 

Revue Universelle des Mines. Recherches sur les Colloides, par A. GILLET. Tome XI, 


No. 5, 118 (1935). 
Proceedings Royal Netherlands Acad. Amsterdam, Vol. XLI, 1938. 6 
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of relatively large quantities of lime is a serious drawback of the Henry 
process; it was shown that there is no real advantage to be gained by 
freezing the starch and that the specially prepared soluble starches, which 
are now available, are more economical and easier to deal with; moreover 
they don’t decay nor loose their flocculating power so quickly as ordinary 
boiled potato flour. The mine “Willem Sophia’ now uses Flocgel of 
W. A. Scholten’s Chemische Fabrieken N.V., Groningen (Holland), 
which is to be considered as a very effective coagulant. It is largely 
exported for flocculation devices. 

Other types of starches, especially manufactured for the same purpose, 
are: 

Mogul, a corn starch with 4 percent of protein, which is used at the 
Champion Mine of the Pittsburgh Coal Company, Pittsburgh Pa. (We 
received a sample from Mr. J. B. Morrow, Preparation Manager of this 
Company). 

Ogwen Powder which can be obtained from Bagshaw & Bruce, 
Amberley House, Norfolk Street, London W.C. 2. 

Unifloc being a soluble gel, and therefore easy in application, to be 
obtained from Unifloc Reagents Limited Swansea, 10 Adelaide Street. 

B. 4. An excellent, but somewhat expensive liquid starch, very easy 
to employ, sold by International Combustion Ltd., Aldwych House, 
Aldwych, London W.C, 2. 

But the most wonderful product of this kind is: 

Konyaku flour, a japanese starch, obtained from the root of Amorpho- 
pallus Rivieri, with 30 percent mannane. 

Figure 4 shows the superiority of Konyaku flour over potato starch. 


CLARIFICATION OF WASHERY EFFLUENT. 


INITIAL CONTENTS OF SOLID MATTER IN SUSPENSION 10 GRAMS PER LITER 
SOLID MATTER IN SUSPENSION AFTER ONE HOUR OF REST 8 GRAMS PER 


—---=--- POTATO STARCH 1 PERCENT IN WATER 
—-——_KONYAKU STARCH 02 PERCENT IN WATER 


ieee 
: Lee 


= 


SOLID MATTER IN SUSPENSION IN GRAMS PER 
LITER 1 HOUR AFTER ADDITION OF 2 


FLOCCULATING AGENT 


2 4 6 8 10 42 4 16 18 20 


Fig. 4. Tests made to show the superiority of konyaku- over potato-starch. 


The amount of prepared starch required to clarify a thick suspension 
of dirty water is very small and the adsorbtion of the starch is complete. 
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The sludge is much more compact than when electrolytes are used, so that 
it 1s not astonishing how these products find a rapidly increasing market. 


4. Theoretical explanation of the clarification of washery effluent by 
starch “solutions’’. 


The behaviour of prepared starch as a flocculating agent differs in 
many respects from that of electrolytes. 

1, The molecular weight of starch (Cg6H,9O;) is many hundreds 
times greater than the weight of the ions used for neutralising the charge 
of coal- or clay-particles, and the total weight of flocculant is about 
10 times less, which indicates that a starch molecule has a remarkably 
individual action. 

2. A certain retardation in the action of starch solution is observed, 
while the action of electrolytes at the most favourable concentration is 
instantaneous. 

3. Electrolytes coagulate colloidally dispersed solids, while starches 
(in the absence of electrolytes) preferably precipitate the coarser particles. 

4. Coal- and particularly clay-particles in washery effluent carry a 
definite negative charge. The most striking difference in behaviour between 
starch and electrolytes is in the way by which this charge is removed. 

With electrolytes the absorbed ions of opposite sign neutralise the 
charge of the ‘‘colloidal’”’ particles. 

The starch micelles, brought into the washery-effluent are slightly 
charged negatively and still this mysterious molecule is able to discharge 
coarse particles of coal and shale. 

According to HoLLEMAN—WIBAUT !) the molecule of amylum is sup- 
posed to consist of a long open chain of rests of maltose, composed of 
linked rings attached to each other in the same way as are the two rings 
of maltose, which is an a-glucoside of f-glucose 2). 

The formulae given in figure 5 show how by the elimination of H,O 
maltose and starch molecules are built up from f-glucose (CgH,5O¢). 

Although the starch micelles pass through filter-paper, they are long 
and entangled. They show colloidal properties and a marked degree of 
thixotropy. (The viscosity of the solution increases when left in rest and 
diminishes with intense stirring). 

Our own explanation was based on the orientation of the starch molecule 
entering into the field existing near the surface of a clay particle surrounded 
by swarming H* cations, fig. 6, 7 and 8. The OH~ ions being repulsed to 
the further end and the resulting displacement of the opposite ions, 
swarming round the points give rise to an electric field of such intensity 
that the OH—ions either leave the points or the chain of starch links 


disrupts. 


1) Leerboek der Organische Chemie, p. 331 (1932). 


2) Leerboek der Organische Chemie, p. 304 (1932). : 
* 
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An observation of Prof. KRuyT during the verbal discussion of my 
communication and the very recent publication of the remarks of Dr. J. H. 
DE Boer at the symposium on hydrophobic colloids at Utrecht induce me 
to give full credit to DE BoER’s explanation, which is as follows: 

In the kaolin-suspension, as well as in the starch solution we are dealing 
with negatively charged particles, so that the explanation of the flocculation 


CH20H CH,0H 
~ OH A Ne A 
"8 GLUCOSE 
CH20H CH,0H 
HOH On 4 HO 1 © ~ on 
NOH H : OH HA, 
H OH H OH 
MALTOSE 


Be ee eS 


AMYLUM 


Fig. 5. Formula of amylum in relation to those of maltose and glucose, showing 
its chainlike structure of indefinite length. 


phenomena, described above, cannot be sought in a mutual flocculation of 
two colloids with opposite sign of charge. Apparently we are dealing with 
the phenomenon of ‘‘sensitization” of a hydrophobic suspension with a 
small amount of a hydrophilic colloid, the particles of which have a similar 


O|H™ 


Fig. 6. The coal- or clay-particle has a negative charge by the adsorbtion 
of OH=ions. It induces a separation of electricity on a starch molecule hovering © 
in its proximity. 
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sign of charge as the particles of the suspension, This subject has been 
treated during the symposium on hydrophobic colloids in Utrecht on the 
5th and 6th of November 1937 by Mr. OvERBEEK 1), In his lecture, after 
giving several examples of sensitization and treating different explanations 
given in litterature, Mr. OVERBEEK reaches to an explanation, which in its 
main points was already suggested by ZSIGMONDY 2). According to this 
view the suspensoid particles will tend to envelop the hydrophilic ones 
and cluster together to coarser particles, a mechanism which decreases the 
stability of the suspension, Amending this theory Mr. OVERBEEK assumes 


Fig. 7. The starch molecules stick Fig. 8. Surface of equal potential around 
to the surface with one end and a sphere provided with spikes. 
remain stiffly erected by the electric 

repulsion acting on the free end. 

H+ ions swarm round these ends. 


that after adding the hydrophilic colloid, aggregates are formed consisting 
of one suspensoid particle and one or more hydrophilic particles, which are 
every time smaller than the hydrophobic one. We must assume that some 
ions of the double layer are pushed aside if the hydrophilic particle is 
attached to the hydrophobic surface. These aggregates will exert an 
increased mutual attraction force and a decreased mutual repulsion force, 
so that they will flocculate already at a much lower electrolyte concentration 
than the original hydrophobic colloid before adding the hydrophilic 
particles. 

In our special case, we might build on some discussion remarks made 
by DE BOER 3) and assume that the molecules of starch added by us in very 
minute concentrations will be bound on the surface of the kaolin particles in 
such a way, that the hydroxylgroups, there are three of them in every 


1) J. TH. G, OVERBEEK, Chem. Weekbl., 35, 117 (1938) and the symposium-book 
which will be published in due time. 

2) R.ZSIGMONDY and E. JOEL, Z. physik. Chem., 113, 299 (1924). 

3) J. H. DE BOER, Discussion remark Chem. Weekblad, 35, 122 (1938). 
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pyronoid ring of 5 carbon atoms and 1 oxygen atom of the starch chain, 
point with their dipoles towards this surface, the pyronoid rings having a 
flat position. In that way the hydrophilic character of the starch cannot 
manifest itself. The kaolin particles provided with such starch molecules in 
a flat position on their surface will attrack each other with an increased 
attraction force as the VAN DE WAALS forces starting from the hydrophobic 
backs of the starch rings will attrack other hydrophobic backs attached to 
other kaolin particles better than they will attrack water molecules. Sche- 
matically we might give the following picture of 
the mechanism described here (fig. 9). 

KAOLIN- This explanation of DE BOER is attractive as 
PARTICLE it explains at the same time, why sludge pre- 
cipitated by starch dewaters easier than when 
precipitated by electrolytes, and also why the 
addition of a small amount of starch to coal 
particles recovered by the froth flotation process 
facilitates the dewatering on a suction filter. 


KAOLIN— 
PARTICLE 


7 STARCH MOLECULES 
i 
OH-GROUPS OF THE STARCH MOLECULE 


Fig. 9. Sketch of DE BOER, 


aMaststing” hows kaolin os 5. The new Clarification Plant at Statemine 
clay particles show a ten- 


its, 
dency to stick together, when Mauti 
covered by starch molecules. In paragraph 3, sub a, it was already 


After loosing their hydro- mentioned that flocculation by an electrolyte is 
philic character the backs to expensive and the precipitate too bulky. For 
repulse the water and attrack 
Hae these reasons a more modern plant had to be 
designed and starch had to be adopted as 
flocculator, The problem was to deal with water containing about 17 grams 
of solid matter per litre, composed of some dispersed coal but chiefly of 
tailings (clay) from the froth flotation plant, ash and fluedust from the 
steam boilers collected by Modave-catchers. 
Per minute 20 m3 of effluent with 333 kg of solid matter has to be 
treated amounting to 10 millions m3 with 167000 tons of solids yearly. 
For several years extensive research on flocculation was carried out in 
the central laboratory of the State Mines by Dr. H. Pieters and his staff. 
It is impossible to give an abstract of the results that would do justice to 
their work. Full scale experiments were made at State Mine Maurits with 
a Baum-cone by Ir. H. MEYER with the object of finding the way of 
operating, that would give the least expenditure on chemicals and of 
trying the effect of baffles. 
The prices of flocculating agents are subject to considerable fluctua- 
tions. On the next page we give the figures of some time ago. Only the 
proportion of the costs of the different systems is to be considered. 


Statemine Maurits. 


Clarification of washery-, boilerhouse and mineffluent with 16,7 Apes 
of solid matter per litre. 


Flocculator Ee Fes Costs p. m3 (dutch cents) 
Lime 0.76 0.65 
Potato starch Ox1T 0.60 
Ferrous sulphate 0.185 0.36 
Mixtures of ferrous sulphate 0.100 0.192 
Potato starch 0.050 Oss) 


Total costs 0.467 


First potato starch and in a second 
stage 0.030 0.165 


Ferrous sulphate 0.012 0.023 


Total costs 0.188 


FLOW SHEET OF CLARIFICATION PLANT STATE MINE MAURITS 
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Fig. 10. Flow sheet of new clarification plant at Statemine Maurits. 
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Quantities and costs of flocculators. 

It will be clear that the savings obtained bij the last mentioned proce- 
dure induced the State Mines to adopt clarification in two stages for the 
new clarification plant at Statemine Maurits. 

For that purpose two thickeners in series had to be installed and the 
expenditure on flocculators amounts to 20.000 guilders a year. The 
other costs of operation are also high, but this sacrifice is considered to 
be justified for getting a clear effluent. 

The plant is represented schematically in figure 14 and a more detailed 
drawing of the thickeners is given in figure 15. Special attention is drawn 
to the baffles placed above the scrapers, because these are generally 
omitted, although a profuse literature shows their utility 1). 

The slurry or flocculated sludge is pumped by triplexplunger pumps to 
the top of the refuse heap of the mine about 100 m high and fills the free 
spaces. 


THICKENER FOR FLOCCULATED SLURRY 


ul + at 


Fig. 11. Thickener for flocculated slurry showing the arrangement of baffles. 


Potato-flour and -starch are national products of which some 150.000 
tons with a value of tens of millions of guilders per year are exported, 


1) See Handbook of Ore Dressing by A. F. TAGGART, p. 984 (1927). Effect on slime 
settlement, and all the literature on this subject cited by TAGGART. 

The Industrial Chemist, p. 320 (1931). Die Chemische Fabrik, S. 46 (1932). 

Report of Fuel Research Board for the year ended 31st March 1931, p. 56. In a tube 
2 inches in diameter and 22 ft long placed at 60° to the vertical and in using a slurry 
containing 30 percent of solid matter the water separated at 70 times the rate observed 
in a similar tube placed vertically. 

Report 1932, Report 1933, p. 52—56, Report 1934, p. 46. 

Die Klarung des Schlammwassers aus Kohlenwaschen von W. PETERSEN und F. 
GREGOR. Gliickauf, 68, 621 (1932). 

Verbesserung der Schlammwasserklarung durch Schragstellung der Klarzylinder, von 
G. LOHMANN. Diss. Techn. Hochschule, Aachen (1935), Gliickauf, 72, 1121 (1936). 

Zeitschr. d. Ver, d. Ing., 81, 941 (1937). ; , 
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while much more of it is used in the Netherlands themselves, We consider 
it of interest to draw the attention to this new and promising field of 
application. 


Dr. H. Pieters and Ir. O. vAN DE Loo obliged me by looking over the 
manuscript. 


Heerlen, 20 January 1938. 


SOME OF THE LITERATURE CONSULTED. 


The Clarification of Polluted Water with particular Reference to Colliery Waste and 
Sewage, by R. D. GIFFORD. The Junior Institution of Engineers Journal, 
44, 477—493 (1934). 

Recipe of Mr. IDRIS JONES, Research Manager, Powell Duffryn Associated Collieries. 
Ystrad Mynach Hengoed Glam. 20 parts of potato-flour heated with 5 
parts of CaCle and 3 parts of ZnCle and made to a soluble gel. 

American patent 405.038 Alcaline solution of starch submitted to the action of electric 
current in order that some oxydation occurs by oxygen in status nascendi. 

Invention State Mines: Wet starch with CSe, dissolved in NaOH, diluted with hot water. 
Never forget that a surplus of starch peptises the dispersion and that it is 
only economical to dose the starch far below the optimum of flocculating 
power. 

Dr. Ing. IMHOFF, Essen, writes in: Die chemische Abwasserklarung in Amerika, S. 119: 

“Kalk wird nicht mehr als Fallungsmittel sondern nur als Mittel zur 
Berichtigung des Sdauregrads betrachtet.” 
The State Mines however, investigating whether it was necessary to get 
the pH down to the iso-electric point for starch, found that although the 
flocculating power of the starch is improved, the application of lime in 
order to regulate the pH is in most cases too expensive. 

Moderne Afvalwaterzuivering, JAN SMIT, Chemisch Weekblad, 34, 20 Februari, 1937, 
p. 139—146. 

Treatment of Washery Water. Practical Aspects of Flocculation. Needham. Transactions 
of the Inst. of Mining Engineers, Vol. XCII, Part 1, 28—58 (1936). 

Flocculation. Its Application to Industrial Problems by J. O. SAMUEL, Chief Research 
Chemist Emlyn Anthracite Colliery Ltd. Western Mail & South Wales 
News Eng. Supplement Nov. 20, 1935, p. 17. 

Flocculation in Theory and Practice. Colliery Engineering, Vol. 13, No. 144, 45 (1936). 

Treatment of Coal Slurry. Iron and Coal Trades Review, Aug. 16 (1935). 

The Conditioning of Washery Water Transactions Inst. Mining Engineers, Dec. (1934). 

Die Klarung und Entwasserung feinkérniger Aufbereitungserzeugnisse. W. PETERSEN, 
Metall und Erz, 34, 49 (1937). 

“Sensitisation” and other Observations on Slurry Flocculation by WILKINS. Journal of the 
Society of Chemical Industry Transactions and Communications, Nov. 29, 
1935, p. 392 T. 

Some Aspects of Flocculation. SAMUEL M.Sc. Journal of the Society of Chemical Industry, 
Aug. 28, 1936; Vol. LV, No. 35, p. 669—680. 

The Clarification of Washery Water and the Recovery of Coal Slurry, LEwis B.A. The 
Colliery Guardian, Nov. 15, 1935, p. 895. 

A New or Improved Method of Freeing Coal Wash Water of Suspended Solids (B.P. 
233, 842) by BURROWS, SINNATT, SLATER and SIMPKIN. Report of the 
Fuel Research Board for the year ended 31 March 1933, p. 56—57. 
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Die Entfernung von Triib- und Farbstoffen durch Ausfallung von LINK und GANDEN- 
BERGER. Die chemische Abwasserklarung in Amerika von IMHOFF. 
Vom Wasser, Band X, 99—126 (1935). 

Sensibilisatie en Beschermwerking van Amylum op negatieve solen door Cand. M. DE 
SMET (Belgié). Natuurwetenschappelijk Tijdschrift, 18, 118—122 (1936). 

The Conditioning of Washery Water: Flocculation by W. E. RAYBOLD. The Colliery 
Guardian, Dec. 14, 1934, p. 1094. : 

The Settling of fine coal in water, L. W. NEEDHAM, The Colliery Guardian, 141, 124 
(1930). 

The Collection and Treatment of Washery Slurry, L. W. NEEDHAM, Colliery Guardian, 
143, 2044, 2133 (1931). 

Report of the Fuel Research Board: Flocculation of Slurries, p. 42—46 (1934). 

Die Abwasserreinigung in Amerika und England. Chemische Abwasserreinigung von 

= DZIALLAS, Zeitschrift d. V. d. Ing., 80, 1005 (1936). 
Speisewasserbehandlung fiir neuzeitliche Dampfkessel. Beseitigung der organischen kol- 
_ koidalen Stoffe, Entélung (durch Ausflockung) von A Splittgerber Z. d. 

V. d. L, 79, 341 (1935). 
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Physics. — On the structure of Solid Helium. By W. H. KEEsom and 
K. W. Taconis. (Abstract of Communication N°. 250e from the 
KAMERLINGH ONNES Laboratory at Leiden.) 


(Communicated at the meeting of January 29, 1938.) 


The structure of solid helium was determined by means of X rays. 
The usal method for examining solidified gases by condensing the 
powdered substance on a cooled rod in the axis of a DEBYE-SCHERRER 
camera could not be followed, because of the fact that solid helium can 
only exist under high pressure (at least 25 atm.) and only be in equilibrium 
with the liquid (below the critical temperature) or with highly condensed 
gas (above the critical temperature). Hence we came to an apparatus by 
which the solid helium is compressed in a thin walled tube (thickness of 
the wall 0.04 mm; diameter 2 mm) to 37 atm., ata temperature of 1.45° K, 
placed in the middle of the camera which is suspended in the inner of the 
cryostat. The X rays are directed from above into the cryostat, 

In the first experiment we made it appeared that the state of crystall- 
ization of the helium most likely was not that of a powder, but that the 
helium formed one or more single crystals so that to make these crystals 
reflect in a beam of monochromatic X rays we had to turn the aluminium 
tube in the camera continually. 

From the single crystal diagrams we derived, firstly two spacings for 
the solid; secondly, from the place of the reflection-spots, a gnomonic 
projection. Both these data gave us a hexagonal structure with closest 
packing arrangement for the two atoms per cell, the distance of two 
atoms amounting to 3.57 A. 

The calculated spacings of this cell are 3.09, 2.92, and 2.73 A, respect- 
ively belonging to the planes 100,002, and 101. We measured the two 
values 3.07 and 2.75 A. We computed a density of 0.205 at 1.45° K and 
about 37 atm. which value, in connection with the measurements of the 
first reporter and Miss A. P. KEESOM1), does not seem to be improbable, 
be it that a slightly larger density might be expected. 


1) W.H. KEESOM and Miss A. P, KEESOM, Commun. KAMERLINGH ONNES Lab., 
Leiden, N°. 2406. 


Physics. — Measurements of the atomic heats of tin in the superconductive 
and in the non-superconductive state. By W. H. KEEsOM and 
P,. H. vAN LAER. (Abstract of Communication N°. 2526 from the 
KAMERLINGH ONNES Laboratory at Leiden.) 


(Communicated at the meeting of January 29, 1938.) 


As a continuation of previous calorimetric experiments on tin, we 
measured the atomic heats of tin in the superconductive state and while 
placed in a magnetic field so as to destroy superconductivity over the 
whole temperature range. 

The block of tin (99.992 %) of the form of a rotation-ellipsoid was 
provided with a constantan and a phosphorbronze wire for heating and 
temperature measuring, which were wound about the equator and at one 
end of the block. 

The differences of the atomic heats in both states obtained from the 
measurements agreed well with those calculated after the formula 


wt d*_(-Hy 
Acavr,(#) 


which can be derived from thermodynamical considerations under the 
assumption that the transition from the superconductive to the non super- 
conductive state is a reversible one. In the same way the quantities derived 
from the measurements were compared with those computed from another 
thermodynamic formula 


ed as 
As=v a(t). 


Also in this case we found a satisfactory agreement which is a new 
confirmation of the hypothesis of thermodynamical reversibility. 

The atomic heats in the superconductive state nearly follow a T3 law. 

The atomic heats in the non-superconductive state could be divided into 
a DEBYE T3-term with 6p = 185 and a term linear with temperature 
(yT). This combination gave a perfect agreement up to 3.2°K. The 
linear term may be ascribed according to SOMMERFELD to the free electrons 
of the non-superconductive metal. The value of y was derived in different 
ways but always was found to be larger than the value calculated after 
SOMMERFELD’s formula assuming the number of free electrons per atom 
to be equal to the valency. 


Mathematics. — Sur deux, trois ou quatre nombres premiers. Par 
J. G. VAN DER Corpurt. (Troisiéme communication) 


+ 


(Communicated at the meeting of January 29, 1938.) 


Je commence cette troisiéme communication par l'énoncé de la proposi- 
tion 2. 


Proposition 2: Considérons une des expressions P+ P’, ou 


Pe=sep, Poa 
ou 
P= p,? + p,?, P= spe 
ou 
P=+ p,’ +p)’, P!= + p;? + py”. 
Supposons 
A<p<B, lorsque P= +p, 


pe B lorsque P’=+ p’, 

Ai<p, << B, et A,<p,<B, lorsque P= + p,? + p,?, 
wee = Bier AY <p, <B,’ lorsque P’ = + p;? + p,?; 
les.nombres A, B, A’ B’, A,, B,, Ao; B,, A,’, By’, A,’ et B,’ sont 

supposés = 3. 
Lorsque P= + (p,?—p,”), je suppose 


| 41? — uy? |=3 partout dans A, =u, = B,, A,=u=B,; 
lorsque P’ = + (p,?—p,”), je suppose 


/ / eS a , 
lay’? —n,?|=—3 partout dans Ay =, = B, , A, = U2 =B, . 


Posons F (t) égal au nombre de maniéres différentes dont il est possible 
décrire le nombre entier t sous la forme considérée P+ P’, de telle 
fagon que les nombres premiers, figurant dans cette forme, soient situés 
dans les intervalles donnés; $(t) et H(q,t) designent les fonctions 
définies ci-dessus. 

Soit m entier >0; soit w(x) un polynome du degré précis-g = 1, 
qui prend des valeurs entiéres pour toutes valeurs entiéres de x. 

Sous ces conditions on peut trouver un nombre entier o=m et un 
nombre positif c24, qui dépendent uniquement de m et du choix du 
polynome y (x), tels que tout nombre Z=3 avec 


Max (B, B’, B,?, B,?, B,?, By2)=4Z9. . . . . (38) 


satisfait pour tout nombre entier s a Il'inégalité 
a 2” 


= F(v(a)-+3)—oWwots) "3 | A (q. v (x) 4:3)? << cz, 22971 g-m 


{x| SZ 
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Démonstration : Pour cette démonstration j’appliquerai le lemme 1 
(premiére communication, p. 849). 

Si P=p, je choisis pour V l'intervalle (A, B); si P=-— p, je choisis 
pour V l'intervalle (—B,—A); si P=+p)?+ p22, je choisis pour V 
le plus petit intervalle tel que tout point uw), a2 du rectangle A; =u,=B,, 
A, =u,=B, posséde la propriété que le point + u,? + u,? soit situé 
dans V. D'une maniére analogue je définis V’, notamment: V’=(A’, B’), 
si P’ =p’; V’ =(—B.,—A’), si P’ =—p’, et finalement, si 
P’=+p,’?+ p7?, V’ est le plus petit intervalle tel que tout point t,t 
du rectangle A,’ =u,’ =B,', A,’ =u,'=B,' posséde la propriété que 
+ u,/2+ uy? soit situé dans V’. Je désignerai l’intervalle (— Z, Z) par X. 

Soit f(x)=y(x)+s. Posons r(v) égal au nombre de manieres 
différentes dont il est possible d’écrire v sous la forme P, en supposant 
que les nombres premiers, figurant dans P, soient situés dans les inter- 


valles prescrits, savoir 
A<p <B; Ai<pr <1 Dy ott Az < p2< Bz»: 


De cette définition il suit: lorsque P=p, on a r(v)—=1 ou 0, selon 
que v est un nombre premier situé dans l'intervalle (A,B), ou non. 
Lorsque P=—p, on a r(v)=1 ou 0, selon que —v est un nombre 
premier situé dans |'intervalle (A, B), ou non. 

D’une maniére analogue je définis r’ (v’) comme le nombre de maniéres 
différentes dont il est possible d’écrire v’ sous la forme P’, en supposant 
que les nombres premiers, figurant dans P’, soient situés dans les inter- 
valles prescrits, notamment 


Asten iB Age eB. et As <op7 <a Be 


Posons 


1 
e (y) = foe lorsque Pp et y>0, 
1 
ee lorsque P=—p et y<0, 
B, By 4 
du, du 
SoA beererncrsmis te 
Aa 
[baba y| 4 
1 
o(y’)= eaey lorsque P’=p’ et y’>0, 
1 
= eaters lorsque P’ =—p’ et y’ <0 


du,’ du,’ ; 
pA eee —— 2 12 
log uy’ log uy’ lorsque P =+p,;"?+p,’. 


| 
ee 
es 


| u,/?+ uy!?—y! | = 3 
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Je démontrerai maintenant que les conditions dulemme | sont valables, 
si les suites (y) et ()) sont convenablement choisies. 

fe Pasons N= Z?, done N= 3. Lorsque P= + p, la longueur de 
V est égale a B—A <B<N;; lorsque P= + Pi’ + py’, l'extrémité de 
droite de V est =B,2+ BY=4Z*=41N, tandis gue l’extrémité de 
gauche est =—1N. Donc V, et également V’, a une longueur = N. 

Lorsque P= + p, la fonction @(v) est dans V monotone et en valeur 
absolue <1; lorsque P= + p;*+ p,”, la fonction 0 (v) satisfait d'aprés 
le lemme 8 aux inégalités 


2 (v) | cg log? (B, + B) =4 g? cg 2? 
et 
v et ee V feet 1)—e fe) |= ee 
de sorte que l’inégalité le(v)|=T, et la premiére des inégalités (29) sont 
valables, si l'on choisit ("=1 et = 4g? c, 22, 

Choisissons également [”=1 et =t9" cs 2’. La fonction 0’ (v’) est 
dans V’ en valeur absolue =T’: elle est monotone ou elle satisfait a 
la deuxiéme des relations (29). 

Lorsque P=-+p, la somme ¥ |r (v) |? est égale au nombre des nombres 


premiers situés dans V, donc elle est =N. Lorsque P= + p,? + p,?, 
le nombre r(v) est tout au plus égal au nombre g(v) de maniéres 
différentes, dont il est possible d’écrire v sous la forme ae tt? ae a5? les 
nombres naturels uw, et uw satisfaisant aux inégalités u, =K et u.=K, 
ou K=¥}Z?9; le lemme 5 nous apprend alors 


= |r)? <3N(1 +492), 


d’ou il suit qu'il a été satisfait a l'inégalité (3), si I? =2(1+4 92). De 
méme on trouve (4), si J’? =#(1+4g72). 

2. Considérons d’abord le cas P=p. Le théoréme de SIEGEL- 
WALFISZ (le lemme 13) nous fournit pour tout nombre naturel m 


1 
= r (v) == 1=yz(q.k) S —-+6,05Nn—, 


vesx Pp A<v<B log v 


, 
v = k (mod. q) A<p<B 
p —k (mod. q) 


AEN bs a ou 0, selon que k est premier avec q ou non; (39) 


dans cette démonstration C5, C2,...,C34 désignent des nombres, convena- 
blement choisis, dépendant uniquement de m et du choix du polynéme 
w(x), tandis que 6, 02,...,4¢ sont en valeurs absolues inférieurs a 1. 
Dans ce cas il a été satisfait a (6), si y, est convenablement choisi. 
Dans le cas P——p, on obtient (6) de la méme maniére, x(q, k) 


étant encore défini par (39). 
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Dans le cas P=+ p;*?+p2”, on a 


2, f\0) se Pe | 
vSx A, <pi< By, Ag<po<B, 
v — k (mod. q) + p,2+p2Sx 
+ p,?+ p2?=k (mod. q) 
q q 
= 3s 3 a3 yg 
hy=1 hg=1 A, <p, <B; Ay <po< By 
thy -+hy2=k(mod.q) py=hi — Pe = hg (mod. q) 
+ p,2+ p22 Sx 


Le théoréme de WALFISZ-SIEGEL nous apprend 


By 


aa 1 = — aos +- 6, C26 UN n> 
As<p<B ” (q) log u, 
P2— hg (mod. q) A 
4+p2+p2Sx +p+u,?S x 


pour tout entier h, qui est premier avec q. Si en outre h, est premier 
avec q, la sommation partielle nous -fournit 


B, 
1 i du 
2s Ps 1=——. ve J 2 + 03 ¢.,Nn-™ 
Ai<pi<B,  A<pa<Bs P(q) A<p<B,  , log uz 
Pihy P2—= hg (mod. q) P1—h, (mod. q) A2 
+pPtu2=x 
Bz 
1 da, du, 
— 2 1 1 a 6, C28 Nn a 
p? (q),) logu,.) log u 
L ath 
tuto? S 


Par conséquent, si l'on pose 


q q 
Pee Ps 1. ts sages sereeiad 
y? (q) hy=1 Ay=1 ( ) 
(hy, q)= (he, q)=1 
+h? + hy? =k (mod. q) 


z(q, k)= 


ou (h,q) désigne le plus grand commun diviseur de h et q, on obtient 


du, du, yes 
2 r)=1a.h) (ss fog urlon a, + 8% 7 Nn 


vSx 
v=k(mod. q) A, A, 
tutu? Sx 
= 7 (q.k) 2 @ (v) + 86 ¢39 gq? Nn— 


en vertu de (18). Il en résulte que (6) est dans ce cas valable, si l'on 
choisit 1=2 et ym=cyo. 

Dans chacun des trois cas on a | x(q, k)| =1; la premiére des inégalités 
(5) est donc valable, si y, est =1. 

De la méme maniére on obtient (7) et la deuxiéme des relations (6). 
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3. Soit m un nombre naturel, a un nombre réel et supposons que 


Vintervalle fermé (a2d—N-! nm, a + N~!n’m) ne contienne aucune fraction 


a dénominateur positif =n%m, Le lemme 2 nous apprend 


| SS e271 a(w (x) +5) 


| — 


— | SY e? 1% ap (2) 


= Ym jae ot ky 

|x| Sz |x| Sz |x| SZ 
Si Yn et 7, sont supérieurs a un nombre, dépendant uniquement de m 
et du choix du polynéme yp (x). En outre la somme 


ye. (v) ertiav 


v 


qui est égale a 


SS exH2tiap ou > et2 tap? Sy et 27 ia py? 
A<p<B Ai<p.<B, Ay<po<B, 
est, d’aprés la remarque du lemme 4, en valeur absolue =y,, Nn-", si 
Ym @C 7m sont supérieurs 4 un nombre, ne dépendant que de m. 

Ainsi nous avons démontré que les trois conditions du lemme 1 sont 
valables, tandis qu'on peut choisir I’ et I” inférieurs a c3, z*. L’assertion 
de ce lemme, appliquée avec m+ 4 au lieu de m, nous fournit deux 
nombres o=mm et c3, tous les deux dépendant uniquement de m et du 
choix du polynéme y (x), tels que 


2aia 


(teenie 


Pa 


|x| SZ 


L(y(x)+s)\—A(y(x)+s) S E (2) ia (4) e- 


a 
q 


. (41) 
me C32 Zigti zm", 


‘ q  2ziak a q 2ziak 
E(2)= 3 Sergi aie e()=$- « x (qk . (42) 
=f 


k= 


a o 
= est étendu a toutes les fractions irréductibles < telles que O=a< q=9' 2’: 


o |o 


Ep aS ener (0) = F(a ea) 


cest-a-dire égal au nombre de maniéres différentes, dont il est possible 
d’écrire ¢ sous la forme t=P-+ P’, tandis que les nombres premiers, 
figurant dans P et P’, sont situés dans les intervalles prescrits; finalement 


A= 2 eel)... ... . (44) 


A! <v! <B’ 
v+o0'=t 


Dans le cas P=+p, P’=+p’, il suit de (39) et (42) 


2Qaiat = - ape . 
‘| e(*)e(2) dae eae Pym ig ori eer 
a=0 qd q 


y?(q) a0, A=1 =a 
(a,q)=1 (a, qg)=1 (h, q)=1 (Ah, q=1 
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en art de (35). Dans le cas P=>+p;?+p,?, P’ =p’, il résulte 
de (39), (40) et (42) 


2iat 
——— 1 dai (hy hy? +h’ — 2) 
f oe ey ean ft Fs 
> ‘a(2)z (2)e 23(Q) ahchyh (4 


en vertu de (36). Dans le cas P=+p,?+p,*, P=+p,?+p7? 
finalement, les relations (40) et (42) fournissent le résultat 


ae a aa eel 1 q q 2xi— (kt+k!—2) 
= #(2)e(4)e 68) ee, os ey ee 
a=0 q q P*(q) k=1 =1 as hayhay hy! hy! 

hy? + hy? =k (mod. gq) 


st hy!? he’? =k! (mod. q) 


2x1 (LheLhy?Lhy!?+ hy! —1) 


= 
yp q) a, hy, ho, hy’, ho! 
=H(q ¢) 


en vertu de (37). Par conséquent on a dans tous les cas 
ae ase lg? 27] 
Ps e(#)e(2)e 7 = 2 Aad, 


donc en vertu de (41) z 


|e 


2 |bwel+s) AW) +9)" "Hq 0)? <ey Z294 2m (45) 


Vu les formules (32), (33) et (34) les lemmes 9, 10, 11 et 12 nous 
oa “ns pour tout pice t 
| A (t)— = (6) | < ess 24, 
de sorte que a relation Se Je 


Big gj ieee ct ae 


: ~— aft #9 eee E02 Gh ee he »aaaeg -., 
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Ce lemme est connu. Comparez par exemple E, LANDAU, Vorlesungen 
iiber Zahlentheorie, vol. I, p. 35, la proposition 74, ou J. G. VAN DER 
Corput, Sur l’hypothése de Goldbach pour presque tous les nombres 
pairs, le lemme 6; cet article paraitra bientdt dans les Acta Arithmetica '). 

Lemme 15: Si les nombres naturels q, et q) sont premiers entre 


eux, les fonctions H (q, 2), définies par (35), (36) et (37), possédent pour 
tout entier t la propriété multiplicative 


AI (q; q2, t) = H (q, t) H (qp, #). 


Démonstration: Considérons par exemple la fonction, définie par 
(36) (pour les deux autres fonctions la démonstration est complétement 


analogue). Le lemme précédent nous apprend, si nous posons G=01.43; 


220i — (Lh hge + h'—2 
q 


flag, t) = Sie se 
: yp? (q) a, hy, ho, h! 
5 d ‘ 5 a 
ef 1 ee < ee e + = (EhyP+h,? + h’—t) 
3 a = ’ 
Pp (q) b d_ hy,hy,h! 


ou 6b parcourt les nombres naturels =q1, qui sont premiers avec qj, 
tandis que d parcourt les nombres naturels = q2, gui sont premiers avec 
q2, En définissant les nombres k,, k> et k’, tous les trois =q; par les 
congruences 


k,=h,, k,=h), kt =h’ (mod. q,), 
les nombres J,, 1, et I’, tous les trois = q2 par les congruences 
lL, =h,, L = hy, [=h’ (mod. qz), 
nous obtenons pour H (q, t) la valeur 


d 
1 200i” (Lk Pbhge-+ kit) +20: S (ute he + 2 
=~ 5 Se * 
P? (GQ) bykiskayk! dytyy yt! 


donc la valeur H (q;, t) H (qz, 0). 

Lemme 16: Si le nombre positif impair n est premier avec le nombre 
a, la somme de GAUSS 
2aiah? 


‘ DS e Ss ’ 


e= 1, lorsque n= 1 (mod. 4) et a est un reste quadratique de n; 
=— 1, lorsque n= _ 1 (mod. 4) et a est un non-reste de n; 
= i, lorsque n= — 1 (mod. 4) et a est un reste quadratique de n; 
=— i, lorsque n=—1 (mod. 4) et a est un non-reste de n. 


1) 2 (1937), p. 266—290. Pe 
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En outre on a pour un nombre premier impair w, qui n'est pas un 
diviseur du nombre entier t, 


w—1 papa S ia = | an 
ere = sehen ee 7 enna 


areste dew 


S est étendu a tous les nombres naturels a=w—1, 


qui sont un 
reste quadratique de w; en outre 


o= 1, lorsque w= 1 (mod. 4) et ¢ est un reste quadratique de w; 
=—1, lorsque w= 1 (mod. 4) et ¢ est.un non-teste de w; 

=— i, lorsque w=—1 (mod. 4) et t est un reste quadratique de w; 
= i, lorsque w——1 (mod. 4) et t est un non-reste de w. 


La relation (46) implique 


= 2aiat mF 
°F te = —l—colw 


at 2, 


anon-reste de w 


Lemme 17: Si le nombre naturel q est divisible par un carré impair 
>1 ou par 16, chacune des fonctions H (q, t). définies par (35), (36) et 
(37), est égale a zéro. Les fonctions H (q, t), définies par (35) et (36) sont 
mémes égales a zéro, si q est divisible par 4. 

Démonstration: Supposons que 4= 2, que w soit un nombre premier 
>2 et que l’entier a ne soit pas divisible par w. Alors on a 


, 2aiah ; 2tiah 2atet 

w? ae of 72 w—1 a 

hee Meee ee ae ‘=0- o=0 
h=1 h=1 : A=1 


et d’aprés le lemme précédent 


. ae vite a 2ateht Anz 2 oe 
a eee gig yea 
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les fonctions H (q, t), définies par (35) et (36) sont donc égales a zéro, 
si q est divisible par 4. 
Si 4=4 et a est impair, on a 


2iah? : wi A—2 j,)2 
gt a aial See. yetie 
2 a] — 2 
2e a wae 
h=1 h=1 k=0 
h impair h impair 


h impair 


donc AH (2*,t)=0, dou suit A (q,t)=0 pour tout nombre naturel qd 
divisible par 16. 
Lemme 18: Pour tout nombre premier w, la fonction H (w, t), définie 


par (35), est égale a pa OF ate selon que l'entier t est divisible 


par w ou non. 
Démonstration: On a 


w—] _2@iat 41 2wiah » 4 2ai ah! 
ee ee fee EO Spe Rs os ee 
a=1 hA=1 h'=1 
at 2aiat 
=e Set) styl. on —], 


selon que f est divisible par w ou non. 
Lemme 19: Posons 


1 2 wi (teh2tehg2-+h!—2) 
fig eg Ree De -! is : 
YP (q) a, hy, hy, A! 


ou a, hy, ho, h’ parcourent les nombres naturels =q, qui sont premiers 
avec q (donc H(q,t) est la fonction, définie par (36)); soit t le nombre 
des termes, figurant dans l’exposant et fournis du signe moins; donc 


E—= Oe soueo: 


On a H(2,t)=—1 ou +1, selon que l'entier t est pair ou impair. 
Pour tout nombre premier impair w, qui est un facteur de t, on a 
H (w, t)=— oe lorsque w =1 (mod. 4); 
=— gu chests lorsque w=— 1 (mod. 4) et r=1; 
(w — 1) 
— lorsque w=—1 (mod. 4) et t=Oou?2. 


Si le nombre premier w=1 (mod. 4) n'est pas un facteur de t, on 
obtient 


3 1 1 
H (wt) = a eee 


selon que t est un reste quadratique de w ou non. 
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Si le nombre premier w =— 1 (mod. 4) n'est pas un facteur de t, ona 
3w—1 
H (w, t) = — ———-s3 lorsque t=) e674 est-in nen reseed 
(w — 1) : ; 
aussi lorsque t= 2 et t est un reste quadratique de w; 
wal 


lorsque t= 1; 

Pate ae 0 ique de w; 
ussi lorsque t—0 ef t est un reste quadratique de w; 

aussi lorsque t= 2 et t est un non-reste de w. 


Remarque: On a 1+ H(w, t)—=0 dans les cas suivants: 


lL, wed; t pair; 

2h ay t=— 1 (mod. 3); tos 
pale t= 0 (mod. 3); ita ais 0 
A retinas t= 1 (mod. 3); if eee 


Dans tous les autres cas on a pour chaque nombre premier w 
1+ H(w, t) >0. 
Démonstration: Pour tout nombre premier w on a 


w—1 __ 2miat w—1 221a yh? w—1 2201 a Gy hy? w—=1 2aiah!’ 
TP Ae, ot) = (ete Ls eS ema as Pra ee 
a=1 Aged hg=1 AlJ 
ou 6; =+1 et 0, =+ 1. Par conséquent H (2, t)=—1 ou ay selon 
gue ¢ est pair ou impair. 
Pour un nombre premier w>2 le lemme 16 nous apprend (4=1 et 2) 


ky gee 
Ze w alates, (amas lorsque a est un reste quadratique dew; 


eee Aas 


: ha x00 


4 ae i = Lasts 
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donc 


—1—w, lorsque w= | (mod. 4) 
—1—vw, lorsque w =—1 (mod. +) etme | 
— 1+, lorsque w=—1 (mod. 4) eter == 0 oun?) 


ll Ul Tl 


2. Supposons que le nombre premier w >2 ne soit pas un facteur 
de t. Le lemme 16 nous apprend 


2 (w—1) H (w,t) = (1—o, Vw) (1—o, Vw) (1 —o ) + | 
+ (1 + 0, Ww) (1 + 0, Vw) (1 +0 Vw), 
Si w =1 (mod. 4) et ¢ est un reste quadratique de w, on a 
(w—1P Hw.) =4 (1 $30 + e143, 
Si w= 1 (mod. 4) et ¢ est un non-reste de w, on a 
(w— IP Hw.) =4 (1—Vo? (1+ Vo) +40 +P Ve) = 1, 


Considérons finalement un nombre premier w= — 1 (mod. 4). Dans le 
cas ol t—O et f est un non-reste de w, et également dans le cas, ot 
t—=2 et f est un reste quadratique de ¢, les trois nombres 61, 67 et o 
sont égaux (notamment égaux 4+ 1), par conséquent 


COS UGEAL itiet SI acai Al +iw3=1—3w. 


Dans les autres cas, on a ou bien t—1, ou bien r=—0O, ¢ est un reste 


quadratique de w, ou bien r=2, ¢ est un non-reste de w; alors deux 


et seuls deux des nombres 1, 0, 6 sont égaux |’ un a l'autre, done 


(eel ee 4 (U2 Fae Buna siecle Meee 


rota al So. 
: % Sere. tats one ae Jaa an Sorel sn 


Mathematics. — Ueber Trivektoren. IV. Von R. WEITZENBOCK. 


(Communicated at the meeting of January 29, 1938.) 


§ 9. Reduzenten. 


Die weitere Theorie der Syzygien zweiter Art S, erfordert ein genaueres 
Kingehen auf die projektiven Komitanten des Ebenenkomplexes oder 
Tensors ajjx. S2=0 ist namlich eine projektiv-invariante Gleichung und 
entsteht daher nach dem Satze von GRAM!) aus einer Komitante K mit 


Rethen<oyFys. fess ys 0 io4..5 die identisch in diesen Reihen gleich Null 
gesetzt wird. Ueberdies ist S, und daher auch K linear in den Ausdriicken 
A; = (ab a, by == So =r ae 


fiir die wir im Folgenden den Buchstaben S verwenden. 
Zum Aufbau der Komitanten K verfiigt man dann iiber die Reihen 


WD te OF te. oe ee ee ee WhO ee ees eae el Fos) 
woraus sich als mégliche Typen fiir Linearfaktoren ergeben: 


(Sa’), (SA’), (Su’); (AS’), (Aa’), (AB’), (Au’); (aS’), (aA’), (av’); 


86 
(xS’), (<A), (xa’), (xu’) . 


Bei den Klammerfaktoren kénnen wir in erster Linie von solchen mit 
Komplexsymbolen absehen?). Aus demselben Grunde kénnen wir aber 
von Klammerfaktoren iiberhaupt absehen. Ist ndmlich z.B. eine Reihe A 
in einem Klammerfaktor enthalten, also 


1G 6s} ek, oo gh Sess 6 eC CeCe 
so gehen wir nach (84) auf die Reihe a zuriick: 
Kea eB wees abide 


und hier kann durch das Hineinbringen aller drei Reihen a in den 
Klammerfaktor auf Linearfaktoren zuriickgegangen werden. 

Fiir den weiteren Aufbau der Komitanten K aus den Faktoren (86) 
ist dann Folgendes zu beachten: 

a) Der Faktor (AB’) ist ein Reduzent, wenn wir die (einzige) Inva- 
riante des Ebenenkomplexes 


i= (AB’) (A’B) = Ai Ak = 4 SE re 
= (ab’)? (ac’) (b’d) (c’d)? = 4g (bad) (c3ad?) 


1) Vgl. meine ,,Invariantentheorie”, S. 160, 
2) ebenda, S. 80. 


(88) 
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in das Formensystem aufnehmen. Es gilt namlich 
(AB’) (Au’) (B ‘x)= +4]. (u'x)==0 L252! eae ee 89) 


wie man mit Hilfe der Gleichungen on im § 6 leicht nachweisen kann. 


6) Das Faktorenprodukt (aB’) (aC’) [und dual auch (a’B) (a’C)] ist 


ein Reduzent. 
Beweis. Wir gehen in der Komitante 


K = (aB’) (aC’) (av’) (Bv’) (Cw’) 
bei den BB’ zu den Reihen b und c¢ zuriick indem wir 
B; By = 6; (b’ c)? c 
setzen. Hierdurch entsteht 
K = (ab’) (aC’) (au’) (b’c)? (cv’) (Cw’). 


Dies formen wir nach (576) um indem wir (ab’) auf (ab’)?—> BB’ redu- 
zieren; es entsteht so 


= ¢[2(B’c) (BC’) (cu’) (cv’) (Cw’) — 2(B’c) (Bu’) (cC’) (cv’) (Cw’)]. 
Der erste Term rechts ist wegen (B C’) nach (89) reduzibel. Wir erhalten 
K = Ku, ow = py J. (au’) (av’) (aw’) — 4 Kee 
Hieraus durch Vertauschung von u mit v: 
Ky, ww = — zz J « (au’) (av’) (aw’) — 4 Ka ow. 
Elimination von K,,... gibt 
K= Ki oe — ¥F rfaw) (av’) (aw), “dh. 

(aB’) (aC’) (au’) (Bo’) (Cw’) — $ J. (au’) (av’) (aw’) =0 fain}. . (90a) 
Genau auf dieselbe Weise ergibt sich dual hierzu 

(a’B) (a’C) (a’x) (B’y) (C’z) — J . (a’x) (a’y) (a’z) =0 {aij}... (906) 

y) Das Faktorenprodukt (Aa’) (A’b) ist ein Reduzent. 
Gehen wir ndmlich aus von der Komitante 
K = (Aa’) (A’6) (a’x) (a’y) (bu’) (bv’) = (ca’) (cd’)? (a’x) (a’y) (d’b) (bu’) (bv’) 
und wenden auf (ca’) wieder die Umformung (575) an, so entsteht 
K = + [2(Ad’)(A’x) (d’y) —2(Ad’) (A’y) (d’x)] (d’b) (b’) (bv’) 

2 K = (d’b) (d’A) (d’y) (bu’)(bv’)(A’x)—(d’b) (dA) (dx) {bu’) (bv’) (Ay). 
Hier wird neuerdings (d’b) mit Hilfe von (576) auf (d’b)?—> BB’ 
umgeformt: 
2K = + {(Bu’) (B’A) (A’x) . (v’y) + (Bo’) (B’y) . (Au’) (A’x) — 

— (Bu’) (B’y) . (Av’) (A’x) — (Bv’) (BVA) (A‘x) . (u’y)$—4 { }* 
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wo } {* denselben Ausdruck bedeutet, nachdem man x mit y vertauscht 
hat. Nun werden rechts die Terme mit (B’A) nach (89) reduzibel; man 
erhalt schliesslich: 


K = (Aa’)(A’b) (a’x) (a’y) (bu’) (bv’) = s'z J. [(u’x) (v’y) — (u’y) (v’x)] + ) (91) 
+ # [(Au’) (A’ 2).(B ts y) —(Au’) (A’y) . (Bo’) (B’x)], J 


identisch in allen a;j,. 


§ 10. Komitanten von ai;p. 


Die Reduktionsformeln (89) bis (91) setzen uns in Stand, alle nicht- 
reduzierbaren Komitanten des Komplexes a;;, und der Reihen x,y,..., 


/ 


u’, v’,...hinzuschreiben. Nach (86) kommen dafiir nur die Faktoren 
(Aa’), (Aa’);(A’a); (aa) (x A’), (xa. 4. (92) 


in Frage, wenn man J und (u’x) schon aufgezahit hat. Aus diesen Fak- 
toren lassen sich aber nur die folgenden irreduziblen Komitanten bilden: 


(A’x) (Au’); (A’x) (Aa’) (a’y) (a’z), (Au’) (A’a) (av’) (aw’); ) 
(ax) (ay) (a’z), (au’) (av’) (aw’). J 


Wir bemerken, dass hiemit die Frage nach einem vollen System von 
projektiven Komitanten des Komplexes a;;, nur zum Teile beantwortet 
ist. Man miisste bei dieser Frage die Komitanten angeben, die je eine 
Reihe x, 7i;, ijk mijn: und u’ enthalten, was wir aber hier nicht weiter 
verfolgen. 

Fiir unser Syzygien-Problem kommt es auf die in den SS’ linearen 
Komitanten an, die sich aus den Faktoren (86) aufbauen lassen. Man 
erhalt beim ersten Schritt hierzu die zehn Méglichkeiten: 


fi = (Sa’)(S’A) Pee ae fe = (Su’)(S’A) 
f= (Sa)(S') Pe gq) = (SuV(S'2) b . (04) 
B= (Sa (Sa) gay fio = (Su) (S's) 


Hier sind f, und fi) bereits Komitanten. Die Faktoren (S A’ ), (S’A) 
und die Produkte (Sa’) (a’A), (S’a) (a A’) waren Reduzenten fiir SS’ = BB’, 
wie wir im vorigen § nachgewiesen haben. Man hat daher zuerst nach 
Reduktionsformeln fiir diese Faktoren zu suchen, was wir im folgenden 
§ tun. 


§ 11. Komitanten mit S*. 
Wenn wir in der Identitat (89) oder 


(AB’) (A’x) (Bu’)—4(AB’) (A’B) . (u’x) 


| 


0 
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einmal die AA’, das anderemal die BB’ durch SS’ ersetzen, so entstehen 
(SA’) (S’x) (Au’)—1(SA’) (S’A) . (u’x) =0 taijx}, FO {SF} (95a) 
(S'A) (Su’) (A’x) —4 (SA’) (S’A) . (u’x) =0 {aije}, ZO {Si} (950) 


Es sind dies also Syzygien zweiter Art und wir zeigen jetzt dass sie 
reduzibel sind. 


Hierzu gehen wir aus von 


— oe 
Boies ee oe Couc + Ss Couc 


und multiplizieren dies ‘mit q?*9: 


A 


Bav,c d°*9 = Si (cd) cop d*¥ + S8 (cd’) Con d*9; 


rechts tritt in beiden Termen der Reduzent (cd’) auf, wir erhalten also 


nach (57c): 


Verjiingen wir dies beziiglich y und v’, d.h. wenden wir auf beide 
52 
Seiten den Prozess = dy, dv; a» So entsteht 


4B, e,2d*°* —5(S’A)(Su’)(A’x) +-(SA’) (S’x)(Au’)—(S’A)(SA’). (u’x). (97a) 
Auf genau dieselbe Weise erhalten wir aus C*#?: 

4 C27 d,. 2=5(SA’)(S’x)(Au’) +(S’A)(Su’)(A’x)—(S’A)(SA’).(u’x). (976) 
Wir bemerken, dass bei diesen beiden Gleichungen eine nochmalige 

Verjiingung beziiglich x und u’ rechter Hand Null ergibt und zwar 


identisch in den S*. Es gilt also z.B. 


Boge d 02158) 9 ee es ero 7c) 
Trotzdem ist dies keine Syzygie dritter Art S;, denn Boat d™°? ver- 


schwindet auch identisch in den B selbst: Bro, ist ndmlich in den ersten 
zwei Indizes symmetrisch, d*°’ dagegen alternierend. 
Die Differenz der beiden ersten Gleichungen (97) gibt, wobei wir das 


neue Zeichen D; einfiihren: 


—£ Di = Bao, d*2? — C*8* duga=(S’A) (Su’)(A’x)(SA’)(S’x)(Au’). (98) 


ri? 


Dies gibt eine Syzygie dritter Art S;; es ist 
Dz =0 {S*} und D340 {B,C} 


; ack k ; 
wie aus der rechten Seite von (98) fiir S; =A; zu ersehen ist. 


Addieren wir nun (98) und (97a), so folgt 
1 (5 Buo.c d*°? —C*2)? duos) = (S’ A) (Su’) (A’x) —4 (S’A) (SA’) . (u’x) (99a) 
Subtrahieren wir dagegen (98) von (976), so entsteht 
1 (5 C*2? dior — Bue, d*2’) = (SA’) (S’x) (Au’) — 4 (S’A) (SA’).(u’x) (996) 
Hiermit ist bewiesen, dass (95a) und (956) reduzible S, sind. Die 


Faktoren (SA’) und (S’A) sind also Reduzenten und fiihren zur Invariante 
fs = (SA’) (SA) 
von (94). Es kommen daher f,, fs, fe, f; und fs in (94) in Wegfall. 
Was das Faktorenprodukt f;—=(Sa’)(S’b) betrifft, gehen wir wieder 


aus von B,,,, und multiplizieren mit d°*¥: 


A 


Bro de”? = (S¥ Crue +S! Cone) do*9 = S* Conn. d?*t LS! (cd’\ c,d, (100) 


Hier kann der letzte Term wegen des Faktors (cd’) nach (57c) umgeformt 
werden und liefert dann nur Ausdriicke, die vermége (99a) reduzibel sind. 
Der erste Term rechts ist 


(Sd) (S’c) (cu’) (cv’) (d’x) (d’y) 


und (100) gibt dann dessen Reduzibilitat, d.h. zeigt, dass (S’c)(Sd’) in 
der Tat ein Reduzent ist. Man erhadlt so auch die Zuriickfiihrung der 
reduziblen, aus (91) durch die Gleichsetzung AA’ = SS’ entspringenden 


Syzygie S, auf die irreduziblen Syzygien B und C. 
Von den Bausteinen (94) verbleiben daher nur noch die zwei zueinander 
dualen : ; 


fs = (Sa’) (S’x) und fo = (Su’) (S’a). 
Bei fy erhalt man entweder die Komitante 
(Su’) (S’a) (av’) (aw’) = Pi,ow (Val. (59)) 
oder aber den Ansatz 
K = (Sa) (aA’) (Su’) (av’) (Aw’) = S? AS azon . . . (101) 
Bilden wir 
Bou AS =(S! @eue +S! aceo) AS = (S’'a)(SA’)(au’) (av")(Aw’) + K, 
dann ist also 


K = Bou» A’.— (S’a) (SA’)(au’)(av’)(Aw’) . . . (101) 


i13 


Hier ist rechts der Term mit (SA’) nach (99a) reduzibel, also auch K 
reduzibel. Wir erhalten also aus (94) nur die folgenden Komitantentypen: 


(Sa’) (S’xx) (ay) (a’z) = Que 
po) pe Si1) (Sc mn 1.02) 
(S’a) (Su’) (av’) (aw’) =) 


u,ow 


und damit den Satz: 


Jede in den S; lineare Komitante mit Reihen x,y,..; u’,v’,.. ist 
eine Linearform der Typen (102) mit Koeffizienten, die Polynome in 
J =(B’A) (BA’), (u’x) und den Typen (93) sind. 


§ 12. Die irreduziblen Syzygien S). 
Wir sind jetzt in der Lage die Frage nach allen irreduziblen Syzygien 
zweiter Art S, vollstandig zu beantworten, und zwar wollen wir be- 


weisen, dass die B und die C die einzigen irreduziblen S, sind. 

Wie schon zu Beginn des § 9 gesagt, entsteht jede Syzygie zweiter 
Art S, aus einer Komitante K mit Reihen x, y,..u’,v’,.., indem man 
den x,..,u’,.. besondere Werte gibt. Diese Komitanten K sind in den 


S; linear und kénnen auf eine Gestalt L gebracht werden, die am 


Schlusse des vorigen § beschrieben wurde. Die Reduktion auf diese 
Gestalt erfolgt durch identisches Umformen, wobei nach den Ausfiihrungen 
des vorigen § nur Identitéten Verwendung finden, die entweder fiir alle 


SF gelten oder die von der Gestalt 
Spee Vie 
sind. Wir haben also 
KS ilatodd BG) aa ee eee a) 


und L ist linear in den Ausdriicken (102). 
Die Komitante L verschwindet identisch in den aj;,, wenn die S; durch 
diese a;;, ausgedriickt werden. In (103) kann aber L auch schon identisch 


in den S' = A‘ Null sein; ist dies der Fall, dann ist weiter nichts zu 
beweisen, da dann (103) so lautet: 


Kas UB SIV Css 


Zur weiteren Reduktion von L kann man von Reihenentwicklungen 
Gebrauch machen. Nehmen wir, um dies zu verdeutlichen, zuerst an, 
dass die Komitante L wenigstens sechs verschiedene Reihen x,y,..,t 
enthalt. Dann gibt die GORDAN-CAPELLI'sche Reihe eine Entwicklung 
nach aufsteigenden Potenzen des Klammerfaktors (xy... t): 


Leas ger tg ag = = 3b) lo eee 4) 


Lie 


Hier ist Ly) eine Summe von Polaren von Formen L’ ohne die Reihe x 
z.B.; ebenso entstehen L,, L>,... aus solchen Formen L’ durch Polari- 
sieren und Anwendung des Prozesses 
0° 
Q.,..1= 5 + 
ys Ox; Oyj. . . Ot 


Da nun dieser Prozes und das Polarisieren die beiden Eigenschaften 
von L: L=Ofaij,x} und L linear in S/ nicht zerstért, ergeben auch 
L,—0, L;=0,... Syzygien S, oder Null, und statt L=0O erhalten wir 
also das System 


10, bepeeeas 


Der zu beweisende Satz ist dann allgemein richtig, wenn er fiir Komi- 
tanten L mit hédchstens fiinf verschiedenen Reihen x, y,z,s,¢ (und dual 
mit u’,v’,..) gilt. 

Auf analoge Weise reduziert man L =O auf Gleichungen L;=0 mit 
einfacheren L;, wenn L weniger als sechs verschiedene Reihen x, y,.. 
enthadlt. Um auch dies an einem Beispiele auszufiihren, nehmen wir an, 
dass L drei verschiedene Reihen x, y, z im Gesamtgrad r und héchstens 
drei verschiedene Reihen u’,v’,w’ im Gesamtgrad r’ enthalt, was wir 
durch die Bezeichnung 

LAX, Ge guat JU etal 
a are 


r r’ 


festhalten wollen. 
Hier entwickeln wir L wieder in eine Reihe, die nach Potenzprodukten 
von (xy z)i;, aufsteigt: 


L=L,+ > (xy z)ijk& (Quy dizer | Be + ee (105) 


wobei jetzt 
q°O:-0 0? 

Qeshik =| —— = fly se ake es 

(Qey2hys fe oy ae ~ Ox, Oy; 02% 

ist. Ly entsteht wieder durch Polaroperationen aus Komitanten 


L(y, z: w’, 0’, w’) 


die’ kein x mehr enthalten. Bei den iibrigen Gliedern in (105) setzen wir, 
drei neue Reihen 0’, o’, t’ einfiihrend 


(xy Z)ijr=(0' 0 w aur: 
die weiteren Glieder der Reihe (105) gehen dann iiber in Ausdriicke 
L (x,y,z; 0’, v’, w’,0',0’,v’), L(r—6; r’ +6), L(r—9; 2 + ONE. Si 
—S— I 


—~ 


r—3 ’+3 
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Hier fassen wir, wenn uw’, vo und w’ in vorkommen, alle sechs ge- 
strichelten Reihen in einem Klammerfaktor zusammen und entwickeln 
nach diesem analog zu (104). Dies fiihrt auf Komitanten 


Etxy.z;u’,0',.... ) [Ar— 63 7-3) 
r—3 r’—3 


° / Pe a 
Sind nur u’ und v in L enthalten, dann fassen wir fiinf Reihen zusammen: 
(u’ v’ 0’ 0’ a he? 


und entwickeln nach diesen &, was Komitanten der Gestalt 


ergibt. 
Auf diese Weise fortfahrend gelangen wir schliesslich zu einem der 
drei méglichen Falle: 


a) L enthalt nur die zwei Reihen x und a’; 
6) L enthalt nur die Reihen x. y, z (und dual hierzu); 
y) L enthalt nur die Reihen x, u’, v’ (und dual hierzu). 
Im Falle a) hat L nach (102) die Gestalt 
L =(S’A) (SA’). Gy + (Sw’) (Sa) CS os oe ee LOTS) 
wo Go und G, Polynome in J 
T,=(u'x) und in T, = (A’x) (Au’) 
sind: 
Gy =a, T5 +a, TF Ty... +a, T? 
Gi=PoTS' +A, TS? Tit... + fps TT: 
Setzt man dann in (106) S‘=A*, so muss identisch in den aj;, Null 


entstehen. Da man Ty und T, als zwei unabhangige Verdnderliche 
beschauen kann, folgt fiir die Koeffizienten in Gp und G;: 


dy == 0, Spe af Saree (§25.0,.152,55) 
und hiermit 
L = [(S’A) (SA’) . (Au’) (A’x) —J. (Su’) (S’x)} . Go. 
Hier ist aber der Ausdruck in der eckigen Klammer identisch Null in 
den Sf = AF, dh. wir haben 
L =0 (modd B, C). 
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Auf analoge Art hat man bei /) den Ansatz 
=(SA)(S'A) . Go+(S'x) (Sa’) (a’y) (az) . Gi H(S'y) (Sa) (a’y) (a’z) Go + (107) 
+... + (S’x) (Sa’) (a’x) (a’y) . Gr 
wobei die G; Polynome in 
J, (a’x) (a’y) (a’z) und (A’x) (Aa’) (a’y) (a’z) 


sind. Bei letzterem Argument miissen alle drei Punkte verschieden sein, 

da z.B. (A’x) (a’A) (a’x) (a’y) identisch in den a;j;, verschwindet. 
Daraus folgt, dass Gy und damit der ganze Ausdruck (107) von glei- 

chem Grad in x, y und z ist, dh. GJ =...=G,=0. Wir haben also 


L=(SA’)(S’A) . Go + (S’x) (Sa’) (ay) (a’z). Gy. . (107a) 
ere auido Polynamenn | 
J.(a/x) (a'y)(a'2) und (A’x) (Aa’) (a’y) 22) 
sind. Die Darstellung (107a) ist mod C méglich, da man wegen 
(S'x) (Sa!) (ay) (a2) = Qn9s = — Que + Cane { 54 


diese Form als alternierend in den drei Reihen x, y und z voraussetzen 
darf. . : 

Aus L=0 {aj;.} folgt dann wieder SS wie bei (106), ae £ die | 
ae hat © 


= [(S’A) (SA). (A’x) (Aa’) (ay) (a’z) —J . (S’x) (Sa’) (a’y) (a’Z)] « Go 


tnd hier ist der eingeklammerte Ausdruck wieder =0 fir S.A P 
Auf ganz analoge Weise erledigt sich der Ee a ee 


rs 53 ca 


irae cS bist a eT = Ae 


Mathematics. — On certain linear constructions and a well-known 
configuration. By W. VAN DER Woupe. 


(Communicated at the meeting of January 29, 1938,) 


It is a curious fact that some linear problems in constructive geometry 
are usually solved by a method which at first reduces the problem to one 
of quadratic order. It is my aim to signalize two such cases and to give 
linear solutions. 

The second problem introduces a configuration of fifteen points and 
fifteen lines which forms one of the most interesting and vital points in 
Professor H. F. BAkER's Principles of Geometry, (Vol. IV, Cambridge 
University Press, 1925). The difference is that in Prof. BAKER’s book the 
configuration was located in a space of four dimensions while here a three- 
dimensional space is used. 

The first part of this paper is an answer to a question put by one of 
my technical colleagues. Let it be asked to construct ina nullsystem (screw) 
the nullplane of an arbitrary chosen point, the nullsystem being determined 
by five lines a; of the linear complex associated with the nullsystem; 
therefore the lines a should not belong to a linear congruence, nor should 
any four of them be on a quadratic regulus. 

Now the usual method is to construct two lines which intersect with 
four of the lines a;. These two transversals are polar lines of the complex; 
and two polar lines and a line of the complex (the remaining a;) form a 
very convenient material to solve this and other problems on the linear 
complex. 

The question then arises: is it certain that there is at least one set of 
four out of the five lines a;, which have two real transversals? One could 
add here that this construction is easily explained but, even if possible, 
generally tedious in practice, like all quadratic constructions. . 

It would seem advantageous, therefore, to replace it by another, simpler 
method, and as such I would propose the following solution. Take two 
reguli, the first, h, determined by aj, ay, ag, the second, k, by as, ag, as. 
The quadratic surfaces on which lie h and k will be called H and K. Let 
b be a line on H not belonging to the regulus h. There are two points of 
intersection of b with K, one lies on a3. Take the line a* of k through the 
other point; then also a* is a line of the complex. This line meets H in still 


another point; take the line 6 on H, not belonging to h, through that point. 


Then b, and 6 are polar lines of the complex because they intersect with 
four complex lines a;, a, ag, and a* which do not lie on a regulus. Thus 
two polar lines and a complex-line (a4 or as) not intersecting with them 


are found. 
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This construction is linear and can always be executed since it is 
impossible that a,, a9, ag, a* could lie on a regulus. The reguli A and k 
would then have two lines in common but in that case the other reguli of 
Hand K would likewise have two lines b, in common, and the five lines a 
would belong to a linear congruence, the lines b, being the axes of the 
congruence. 


The second problem is as follows. Let there be given the lines s,s, sya, 
S15, Sig and a point N. The lines define a linear congruence; how to 
construct the ray of the congruence through N? Various linear solutions 
are possible; I propose the following one: 


We denote: 
by sg¢ the transversal of s;4 and s,s through N, points of intersection are 
resp. C’ and C; 


by sas ,, - » $13 » 516 through N, points of intersection are 
resp. R’ and R; 
By sSo4 ¥ » S13» S16 through C, points of intersection are 
resp. P’ and B’; 
by Sos ,, . » Sig», $46 through C’, points of intersection are 
resp. Q’ and A; 
by sog », - » S14», S15 through R, points of intersection are 
resp. P and Q; 
by so6_,, i » S14 » S15 through R’, points of intersection are 


resp. B and A’; 
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Then AA’ (s34) and PP’ (S56) will meet in a point L, likewise BB’ (s35) 
and QQ’ (sag) in a point M. The points L, M and N will lie ona lin 
S12 belongs to the congruence. I omit the proof, which may easily be given 
analytically when the two transversals of the four given lines are taken as 
opposite edges of the tetrahedron of reference. Now it is remarkable that 
these points and lines form a configuration (153, 153) which means that 
each of fifteen lines passes through three of fifteen points and through 
each of the points pass three lines. Hence we might choose four lines and 
a point in ninety different ways and yet obtain the same figure when 
solving the above mentioned problem. 

The configuration is well known: it is the starting point of an extra- 
ordinary large number of theorems and problems in ‘The principles of 
Geometry”, Vol. IV, Chapter V. However, I believe that. this three- 
dimensional problem is not among them. | 
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Chemistry. — The Exact Measurement of the Specific Heats of Solid 
Metals at High Temperatures: XXIX. Specific Heats, Electrical 
Resistance, Thermoelectrical Behaviour and Thermal Expansion of 
Neodymium in Connection with its Allotropic Changes. By F. M. 
JAEGER, J. A. BOTTEMA and E. ROSENBOHM. 


(Communicated at the meeting of January 29, 1938.) 


§ 1. In the present paper we communicate the results of our studies 
of the behaviour of metallic neodymium at various temperatures between 
200° and 750° C, with respect to its specific heats, its thermal dilatation 
and its electrical and thermoelectrical properties. They undoubtedly prove 
that also in the case of this rare-earth metal, — like in that of cerium‘), 
lanthanum 2), and didymium *), —a series of successive allotropic changes 
occur, which have a reversible character (enantiotropism), but, according 
to the circumstances of the experiment, are accompanied by less or more 
distinct retardation-phenomena. 

We had at our disposal a beautiful sample of massive neodymium 
(99,5 % Nd, traces of Fe, Si and Al) in the form of a lustrous bar, from 
which the lumps required in the different experiments were carefully 
prepared. 


I. Discontinuities in the Heat-capacity-Temperature-Curves observed 


by means of the Differential Method *). 


In these experiments the change of the heat-capacity of neodymium 
with the temperature was immediately compared with that of copper in 
vacuo, according to SALADIN-LE CHATELIER’s differential method. The 
curves thus obtained on heating and on cooling are reproduced in Fig. 1A 
(400°—600° C.) and in Fig. 1B (drawn on another scale; between 500° 
and 750° C.); they show the following pecularities: a well marked 


1) F. M. JAEGER and E, ROSENBOHM, Proc. Royal Netherlands Acad. Amsterdam, 
37, 489 (1934); 39, 912 (1936). 

?) F. M. JAEGER, J. A. BOTTEMA and E, ROSENBOHM, Proc. Royal Netherlands Acad. 
Amsterdam, 39, 921 (1936). 

3) F. M. JAEGER, J. A. BOTTEMA and E, ROSENBOHM, Proc. Royal Netherlands Acad. 
Amsterdam, 40, 481 (1937). 

As neodymium has a transformation-point at — 164° C., above which temperature the 
hexagonal form is the stable one, the latter has been indicated as the B-modification and 
the subsequent cubic form as the y-modification. Above 712°C. there still appears a 
fourth 6-form, just as in the case of cerium and lanthanum. 

4) E.-ROSENBOHM and F. M. JAEGER, Proc. Royal Netherlands Acad. Amsterdam, 
39, 366 (1936). 
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discontinuity at about 508° C, as the manifestation of a sudden change, 
accomplished at about 520°; as usually ,on cooling, it appears to be shifted 


Se 
SISO % 
600 500 600° Top, / 650 on 
7emperature in ©. OT ta ae 
Fig. 1A. Fig. 1B. 
Fig. 1. Heat-capacity Curves of Neodymium between 400° and 750° C. 


in comparison with Copper. 


towards a somewhat lower temperature of about 450°C. A slight 
discontinuity then is observed at about 575° C.; subsequently, a rather 
distinct effect is observed at 640°—670° C. and then a strong and very 
marked discontinuity sets in at 694° C. and evidently is accomplished at 
about 712°—720° C.: on cooling this latter effect proves to be displaced 
to 670—680° C. From these facts, — which afterwards will be compared 
with those observed in applying other methods of measurement, — it 
becomes clear that the principal changes of the metal occur in a 
temperature-interval ranging from about 510° to 720° C. or 520° to 710° C. 


§ 2. II. Calorimetrical Behaviour between 300° and 620° C. 


The determinations of the mean specific heats of neodymium were 
performed with a lump of the metal weighing about 17 grammes and 
enclosed in a vacuum platinum crucible of the usual shape; they were made 
with the aid of the metal block calorimeter under application of all 
necessary precautions. The data obtained are collected in Table I. 

The results are graphically represented in Fig. 2, in which the part of 
the curve between 420° and 530° C. is simultaneously repeated on a larger 
scale, so as to facilitate the comparison of the data subsequently obtained 
within this remarkable hysteresis-interval. 

As to the measurements mentioned in Table I, the following remarks 
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TABEL I. 
Mean Specific Heats cp of Neodymium between 630° and 300° C. 
Quantity of Time t in Minu- 
Series- Final tempe- ae O Aever ti iean specific|tes in which the 
Number | Temperature | rature ft’ of iPS sate Heat cp be- |Maximum Tem- 
of the t in ° Cent,:| the Calori- |& 99 © PY | tween #° and perature of the 
Measurement meter : 1 Gr. of the in Calories: | Calorimeter is 
Metal reached: 
in Calories: 
1 400.91 21.50 22.94 0.06046 5 
2 440.40 21.07 25.67 0.06123 5 
(heated at 
508°) 
3 551.20 21.00 32.96 0.06216 40 
“ 462.10 20.90 26.81 0.06077 40 
5 (heated at — — = — 
600° for 24 
hours and at 
725° for 1 
hour) 
6 401.06 20.90 21.87 0.05752 4 
7 440.84 20.79 24257. 0.05850 4 
8 482.00 20.90 27 .00 0.05856 5 
9 496.60 20.80 27.99 0.05882 20 
10 426.04 = — = 45 
11 426.90 = = == 45 
(heated at 
780° during 
4 hour) 
12 302.30 20.80 15242 0.05477 24 
13 351.50 20.70 18.55 0.05608 24 
14 400.52 20.65 21.87 0.05757 24 
15 426.30 20.70 23255 0.05805 3 
16 444.80 20.90 24.76 0.05841 3 
17 456.20 20.80 25.43 0.05841 3 
18 = — = — oe 
19 477 .30 20.80 26.70 0.05849 3 
20 488 .60 20.80 27.46 0.05870 7 


21 495.70 21.00 27.83 0.05863 7 
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TABLE I. 


(Continued). 


Mean Specific Heats Cp of Neodymium between 630° and 300° C. 


Quantitaty of | ; 
Series- Final tempe- Heat Q deve- /Mean specific ae Nee 
Number Temperature | rature ¢’ of | loped between) Heat Cp be- [Maximum Tem- 
of the |tf in ° Cent’:| the Calori- | and ¢’ by |tween #° and ¢’ perature of the 
Measurement meter : I Gr. of the} in Calories: Calorimeter is 
ice ‘andl 
22 505.80 20.90 28.60 0.05899 8 
23 508.35 20.83 28.41 0.05827 8 
24 510.83 20.83 28.78 0.05874 7 
25 509.00 21.20 28.50 0.05843 7 
26 S15 534: 21.00 29.03 0.05873 7 
27. 526.00 20.90 29.54 0.05849 8 
28 512.90 20.85 28.92 0.05878 8 
29 550.40 21.00 31.40 0.05930 7 
30 540.30 20.90 | 30.67 0.05904 7 
31 532.60 20.90 30.21 0.05904 7 
32 527.90 20.90 30.04 0.05925 7 
33 380.10 20.70 20.31 0.05651 7 
34 425.90 20.90 23.13 0.05712 1 
35 508.35 20.83 28.68 0.05882 7 
36 601.00 20.90 35.18 0.06065 6 
S¥/ 425.60 20.80 23.48 0.05800 il 
38 508 . 35 20.60 28.53 0.05849 7 
39 508.40 20.70 We. P) 0.05888 7 
40 601.00 20.90 35.06 0.06044 6 
4] 465.80 PN PAY) 26.14 0.05880 8 
42 608.20 21.00 35.86 0.06106 6 
43 477.30 20.90 26.79 0.05870 8 
Do 580.15 20.99 33.73 0.06031 7 
45 550.30 21.00 Sil By? 0.05954 7 
46 530.86 20.92 30.17 0.05917 7 
47 520.57 20.63 21.94 0.05828 7 
48 525.80 20.80 29.84 0.05909 if 
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TABLE I. (Continued). 
Mean Specific Heats cp of Neodymium between between 630° and 300° C. 


Quantity of Time t in Minu- 

Series- Final tempe- ed eae Mean specific tes = which the 

Number | Temperature | rature f’ fs Pg Heat a iis Maximum ice 

of the t in ° Cent.:| the mene i Girl eo dhe dipean i pase ~ 

Measurement meter : | Metal : ee 
in Calories : 

49 520.57 20.83 29.53 0.05909 9 
50 51535 20.83 PAA) | 0.05898 9 
51 510.55 20.83 28.88 | 0.05897 7 
52 508.35 20.97 28.75 | 0.05900 8 
53 505.30 20.90 28.57 | 0.05897 8 
Dat 500.70 20.80 28523 0.05881 8 
3) 493-15 20.81 27.73 0.05872 8 
56 471.20 20.90 26.12 0.05800 8 
57 465.75 20.85 25.65 0.05766 8 
58 475.90 20.80 26.24 0.05766 8 
59 476.30 20.74 26.28 0.05770 8 
60 486.60 20.80 26.99 0.05795 8 
61 495 .90 20.80 27.67 0.05823 8 
62 440.60 20.70 24.25 0.05775 8 
63 440.30 20.80 PER Be 0.05802 8 
64 421.80 20 70 23.04 0.05745 8 
65 440.70 20.70 24524 0.05771 8 
66 456.35 20.73 25.20 0.05784 8 
67 325.80 20.60 16.63 0.05448 8 
68 380.15 20.59 20.19 0.05615 8 
69 560.80 20.80 31.99 0.05924 8 


*) The measurements were not continued above 620° C., because of the 
danger of the platinum crucible being attacked by the hot metal investigated. 

The massive block of pure neodymium (99.5%) weighed 17.7416 grammes; 
the vacuum platinum crucible used 28.0237 grammes; after measurement 5 the 
weight of the neodymium after heating in vacuo was 17.4380 grammes; after 
experiment 11, it finally was 16.4740 grammes and with the latter quantity all 
subsequent experiments were made. 

The heatings of the metal at 600°—725° C. (N°. 5) and at 780°C. (N° 11) 
were performed in a vacuum, the neodymium being surrounded with pure 
neodymium-oxide, because the metal attacks silicates at 600° C. and higher, under 


reduction of the latter. 
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can be made. Originally (N°. 1 and 2) the time t proved to be normal 
(5 minutes), but the values of Cp proved to be much too high, — evidently 


Mean Specitic Heat & 
mM 


Calories 


460 <70 480 £90 500° 510 $20 550 


0,0650 
0,0620 
0,0610 
0,0600 
0,0530 
00580 
0,0570 
0,0560 
0,0550 


0,0540 


0,0530 
0,0520 
0,0510 
0,0500 
SOO 510 320 330 340 350° 560 370 380 390 $00°%10 420 430 440 450°%60 470 480 490 500° 510 520 530 540 550°s60 570 580 590 600° 610 620 
Fig. 2. The mean Specific Heats of Neodymium between 300° and 625° 
Centigrade. 


Temperature in Degrees Ci entigrade 


because the metal was not yet sufficiently stabilized. On heating it at 
508° C., — which temperature, according to the experiments previously 
made (Fig. 1), is a transition-point, — the lower values 3 and 4 were 
observed; but as the time t now had suddenly increased to no less than 
40 minutes, — as a consequence of an appreciable change of the inner state 
of the metal, — these values still must be considered as being too small. 
Indeed, no reliable evaluation of the values at t) can be made with 
t = 40 minutes: for even | hour after the metal had been dropped into the 
calorimeter, the cooling-modulus of the instrument still appeared to be 
much too small, — indicating that a development of heat still continued 
to occur. This retardation in the heat-development of the metal appears 
to be present even at temperatures below 508° C. In experiment 5 the 
crucible was preliminarily heated at 600° C. during 24 hours: notwith~- 
standing this, however, 7 still remained = 40 minutes. For this reason the 
neodymium used was removed from the crucible, imbedded in dry Nd.O, 
and heated above 600° C. in an evacuated tube of Pythagoras-mass. In 
the beginning no reliable measurements of the temperature could be made 
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in these experiments, because from 600° upwards a strong electron-emission 
proved to set in within the tube; only after the insertion of an earthed 
FARADAY-cage made of nickel-gauze, such reliable measurements of t proved 
to be possible. The metal was heated at 725° C. during an hour and then 
slowly cooled; no appreciable deformation of the bar had occurred, nor 
any oxydation and afterwards its surface appeared even a little more 
lustrous than before. After the metal had once more been enclosed in the 
vacuum crucible, the time + proved now to have diminished to 4 minutes 
(N°. 6, 7, 8); but after heating at 496° C., + again gradually proved to 
increase (N°. 9) and finally (N°. 10 and 11) once more attained a value 
of 45 minutes. For this reason the metal was in the way just described once 
more heated at 780° C. during half an hour and then very slowly cooled: 
its upper part had remained quite lustrous, whilst the part of the metal 
surrounded by the oxide now proved to be somewhat oxidized and slightly 
deformed. The measurements then were once more continued, after the 
metal was again enclosed in the evacuated platinum crucible. The time t 
in all further determinations now proved to remain normal, ranging from 
24 to 7 or 8 minutes .Thec, -t-curve thus obtained (12—20) appeared to 
coincide with the curve (7—9) previously observed; but after the transition- 
temperature had, once more, been surpassed, suddenly an appreciable drop 
of the curve (23—25) proved to set in with a thermal effect of the wrong 
algebraic sign: evidently this time no state of thermodynamical equilibrium 
was established. Subsequently the values of c, (26—28) proved irregularly 
situated and to be quite irreproducible, —- as may be seen from the curve 
29—32, which is by no means a continuation of the curve 26—27. 

Doubtlessly a mixture of at least two different modifications here is 
present, which are not in equilibrium with each-other and the shape of this 
part of the curve appears almost to be identical with that observed and 
represented in Fig. 1A. After the experiment 32, moreover, also the 
curve 13—17 could no longer be reproduced, nor the point 23, which 
proved considerably to be shifted upwards (N°. 33, 34 and 35). After 
the metal had been heated at 600° C. (N°. 36), the curve 13, 14, 7, etc., 
however, once more became reproducible and subsequently the results of 
the measurements appeared more regularly distributed than before. The 
longer the metal is heated at 508° C., the more the irregular part 23—28 
seems to disappear, whilst the curve 14 — 7 — 17 — 19 — 20 now also 
becomes reproducible (N°. 41, 43), — although the latter values still are 
somewhat too high. 

On repeatedly heating and quenching the sample, the irregularity at 
508° C. finally completely disappears, whilst the transformation-point is 
simultaneously slightly shifted to 505° C. (N°. 54 and 55); the Cp-t-curve 
now takes the course 42—53. Because the value 56 again proved to be too 
low, the measurements in this interval were extended and this time the 
curve 57—61 was obtained. 
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At once it thus becomes clear, that at increasing and consecutively 
decreasing temperatures a real cycle (54—61) will be passed. 

This, therefore is a most striking example of a true “hysteresis-cycle’, — 
as such is met with in a number of other retardation-phenomena: thus, 
for instance, in the case of cobaltum 1) in the vicinity of the latter's first 
transformation-point at 446°—467° C.. where the hexagonal modification 
is changed into the cubic one. The continued change in the inner state 
of the metal occurring at temperatures above 508° C., manifests itself in 
the too high values of Cp as observed at the lower temperatures; but by 
repeatedly heating the sample at temperatures below 508° C., these values 
are gradually diminished to the final lower ones. Too high values of ce 
will also be found if the crucible is rapidly heated and cooled at a somewhat 
higher temperature than f, before it is introduced into the calorimeter: thus 
in experiment 63 at 440° C., the crucible had preliminarily been heated 
at 460° C. and then was rapidly cooled at 440° C. 

In this way it finally became clear, that the situation of the right 
Cp-t-curve below the transformation-temperature at 508° C.. — which 
temperature is also found in the case of didymium, — is that determined 
by the points Oe 0G. —~ 69 62 651-2 57 = 5859) Ge on 

However, retardation-effects are also found on heating above 508° C:: 
thus, for instance ,the value 69 at 560° C. determined after 68, proved 
to be too low and is not situated on the curve 45 — 46 — 44. The cause 
of this phenomenon is not clear at the moment: from these measurements 
it is, however, evident that a true transformation-point of neodymium is 
situated in the vicinity of 508° C., in accordance with what was stated by 
means of the differential method previously mentioned. 

Between 300° and 4504 C., Q can approximately be represented by the 
equation: Q — 0,03967 . t + 0,56944 . 10-4 . t2 — 0,476.10—7.t3 and cp by, 
cp — 0,03967 + 0,13888 . 10-3. t——0,1428 . 10-6. #2, Therefore, the 
atomic heats C, between the same limits of the temperature by: 


Ge, = 2572040 2006 10> 4, £220, 2062 10-4 £2, 


Thus: 

t Cp 
(100°) 7.53 
(200°) 8.92 
300° 9.89 
350° 10.22 
400° 10.45 
450° 10.58 


1) A. SCHULZE, Zeits. f. techn. Physik, 8, 365 (1927); Zeits. f. Metallk., 27, 90 (1935); 
‘H. MAsuMOTO, Sc. Rep. Tohoku Imp. Univ., 15, 449, 597 (1926); S. UMINO, ibid., 16, 
593 (1927); G. GRUBE and O. WINKLER, Zeits. f. Electrochem., 41, 52 (1935). 
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In the same way between 550° and 650° C. Q may approxtmately be 
represented by: 


G)=='0,05138> ¢ + 0442555108 re O11 a 108 ee 

or c, by: 
cp = 0,05138 + .0,8851 10-5, ¢ 40,342, 10a, £2, 

and thus the atomic heats Cp between 550° and 650° C. by: 
Co TAO 01278 10 ee 040s Dae te 
Therefore: 


Like cerium and lanthanum, also neodymium belongs to those metals, 
the atomic heats of which have rather high Bhat ar — even at moderate 
temperatures. 


The C,-t-curve ipue has about the shape of Fig. 3: = 


Atomic Heat 3 | 


LSS 
a tite = 

ned aires ie 
as =eM. a - 

2 aa 20 ec au 
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in its dependency on the temperature occurred in the way already 
previously described 1) in detail. It presented serious difficulties as a 
consequence of an exceptionally large, accompanying thermoelectrical 
effect, which each time manifests itself regularly between 510° and 720° C. 


Resistance b/ 
rn Ohm 


Thermoelectrical 
force tn Millivolts 


01000 


1,00 
Resistance ard Internal thermoelectrical 
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20900 
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0,25 
00800 
“fy 
7 ~ Len 
=e mPa nctin jd 
SRRRCal Tec I Ea 
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Temperature tn Degrees Cent. 
00700 
200 500 400 500 600 700 800 


Fig. 4. The Electrical Resistance and the Internal Thermoelectrical Effect 
of Neodymium in their Dependency on the Temperature. 


The influence of this accessory phenomenon upon the yet rather delicate 
measurements of the small resistances considered must, of course, be 
eliminated by separate determinations of the effect. 

The experimental device used was the same as that used in the case 
of titanium !). 

In the first series of measurements a U-shaped, flat piece of the metal 
cut from a disc, made of the massive lump of neodymium, was used; 
later-on the determinations were repeated with a straight bar of the 
preliminarily stabilized material. The terminals of the bar were perforated 
and 3 mm thick copper-wires were tightly fixed to them by clenching. 
The temperature was uniformly distributed throughout the heated vacuum- 


1) EE, ROSENBOHM and F. M. JAEGER, Proc. Royal Netherlands Acad. Amsterdam, 
39, 374 (1936); F. M. JAEGER, E. ROSENBOHM and R. FONTEYNE, Rec. d. Trav. d. Chim. 


d. Pays-Bas, 55, 638 (1936). 
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furnace by the aid of a number of successive, co-axially arranged, 
cylindrical mantles, so that nowhere any appreciable temperature-differences 
occurred; all necessary precautions were applied so as to avoid any 
induction-effect and the protecting shields and the wall of the vacuum-tube 
were all kept on the zero-potential. The measurements of the electrical 
resistance were extended from 250° to 760° C.; the thermo-electrical effect 
later to be described, manifests itself only between about 500° and 715° C., 
— ie. exactly within the range of temperatures, where the #6 = y-change 
and the retardation-phenomena already mentioned occur. As no 
temperature-differences greater than 0°,1 C. are present within the 
furnace, there can be no doubt whether the thermo-electrical effect 


5 We-Woo9 Ohm 
¢-200 Degree Cent 
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Jemperature in Degrees Cent. 
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Fig. 5. The Mean Temperature-Coefficient of the Electrical Resistance of 
Neodymium between 200° and 720° C. 


observed within this region is caused by the physico-chemical inhomogeneity 
of the material, established as a consequence of the allotropic trans- 
formations going-on with a marked sluggishness within this range of 
temperatures. 

In Table II the data concerning the variation of the electrical resistance 
of the metal in its dependency on the temperature are collected, after all 
corrections for the thermoelectrical influence have been made. The results 
are graphically represented by the drawn-out curve of Fig. 4; moreover, 


oe of the resistance has 
been represented in the same way, for the especial purpose of comparison 
with other changes within the temperature-interval of 500°—720° Cy 
There can be no doubt whatsoever about the fact, that neodymium, — 
just as cerium and lanthanum, — shows a series of successive allotropic 


transformations at definite transition-temperatures. Evidently the resistance- 


in Fig. 5 the mean temperature-coéfficient: 
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TABLE Ii, ; ete 
The Change of the Electrical Resistance R of Neodymium with the Temperature 
between 250° and 760° C. 
Temperature | Electrical Reweanee | Pemperatine: Biccwian Rete 
ings Gas in Ohm: I| roy (Gye in Ohm: 
250° 0.0716 | 560° 0.0900 
300 | 0.0745 575 | 0.0833 
350 0.0772 | 590 | 0.0829 
400 0.0800 600 0.0830 
450 0.0829 610 0.0837 
500 0.0856 615 0.0844 
513 0.0866 625 0.0849 
520 0.0871 650 0.0885. 
530 0.0886 700 0.1004 
538 0.0909 710 0.1026 
545 0.0928 715 0.1041* 
552 0.0945* 740 0.1042 
555 0.0936 750 0.1048 
760 0.1053 | 


curve at about 500° C. gradually bends upwards to reach a sharp peak 
at about 540° C., then suddenly and very steeply falls-off to a minimum at 
about 573° C., and, after a small effect between 620°—640° C. again rises 
to the second transformation-point at about 712° C., where a distinct change 
of the slope of the curve sets in. The slopes of the curve between 510° 
and 540° C. and between 640° and 712°C., and likewise that between 
200° and 510° C. and between 712° and higher temperatures, appear to 
be practically the same; as neodymium cannot be brought into a suitable 
shape for X-ray-examination at higher temperatures, it is questionable 
whether these facts are connected with a returning of the same crystal- 
structures at higher temperatures, — such as has been stated, for instance, 
in the case of iron. 

It seems pretty sure, however, that the 6 = y-transformation, beginning 
at 510° and accomplished at about 540° C., is a sluggish one, whilst that 
above 700° C, takes place much more rapidly. As we soon will see, the 
latter transformation also is accompanied by remarkable dilatation-effects 
which, on cooling, even at lower temperature persist in the form of 
a permanent extension of the bar, — evidently as a consequence of strong 


retardative influences. 


132 


B. Internal Thermoelectrical Effect. 


As already mentioned, a neodymium-bar kept at any constant temperature 
between about 510° and 720° C. yields thermoelectrical effects occasionally 
of such a magnitude, that even if two metals like bismuthum + antimony 
or like copper + constantan were combined and brought into contact with 
each other, they would manifest an electromotive force of the same size 
only if the temperature-differences between the hot and cold junctions 
were of the order of 25°—35° C. 

These effects, therefore, needed to be studied by seperate measurements, 
— the more as their troublesome influence during the resistance-determinat- 
ions had necessarily to be accounted for. For this purpose the two curves: 
that of the resistance and that of the thermoelectrical effect, were under 
the same circumstances photographed on the same film at two subsequent 
days. Moreover, as small oscillations of the electromotive force still 
remained, the current of the WHEATSTONE-bridge was intermittedly 
switched-off at a series of temperatures and the electromotive force present 
at each moment was every time determined seperately, often with 
reversed poles. As the absolute value « of the thermoelectrical force 
proves to be dependent as well on the rate of heating as, with different 
bars, on the length of the latter, — the values thus obtained did not always 
completely co-incide; but the general shape of the «-t-curve proved to be 
quite analogous in all cases. On heating very rapidly, the apparent absolute 
values of ¢ get much higher than on slowly heating; but by heating for 
several hours at a rigorously constant temperature it could be proved, that 
at each temperature the final electromotive force « observed was solely 
dependent on the momentaneous temperature of the metal. At each 
temperature ¢, therefore, the value of « drops to a perfectly determined 
final value, — all those final values being situated on a curve of the 
characteristic shape represented by the broken line in Fig. 4. 

From this curve it is seen, that at temperatures below 510°C.1) the 
light-beam of the vertically-writing twin-galvanometer describes on the 
film a line which deviates not more (about + or — 40 Microvolts) from 
a horizontal one than is usual in such experiments, as a consequence of the 
small effects caused by slight mechanical or physical local disturbances in 
the material investigated. But at about 500°—510° C. the curve, — with 
a rather sharp break at this temperature, — now suddenly and very steeply 
rises within an interval of about 50° to a maximum value of ¢«; then the 
electromotive force remains practically constant between about 570° and 
630° C. and subsequently it equally steeply drops to the zero-line, which 
is reached at about 720°—730° C. The final values of © obtained by 
keeping the temperature of the sample constant at each temperature ¢ for 


*) In Fig. 4 the rise of the curve sets in at about 530° C.; but in a second series 
of determinations with a selected. stabilized material, this point was proved to be situated 
more exactly at 510° C, 
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a long time, are always situated on a curve of the shape described and 
are, therefore, completely determined by the temperature alone, — thus 
reflecting at each temperature a perfectly determined inner state of the 
metal amongst the whole series of successive states established in it at 
various temperatures. This Series of consecutive states is depicted in each 
case by the special shape and heighth of the curve under varied rates of 
heating and cooling and also with varied lengths of the bars studied. 

As the temperature-distribution within the furnace is a rigorously uniform 
one, — the cause of this strong thermo-electrical effect can only be sought 
in the chemical and physical inhomogeneity of the metal within the 
transformation-interval between 510° and 720° C. 

It is only here that the phenomena described always and regularly 
manifest themselves. They evidently depend qualitatively and quanti- 
tatively: 1°. on the length of the bar: 20, on the rate of heating or cooling; 
3°. on the velocity of the allotropic transformation at each temperature t 
and 4°. on the velocity and on the degree of less or more perfect mutual 
orientation of the crystallites of the f- and y-forms with respect to each 
other; i.e. in last instance on the number of the more or less perfectly 
- orientated combinations of f- and y-crystallites, which have pairwise the 
function of “thermo-electrical elements’. It is clear that the latter number 
must depend as well on the three velocities considered, as on the length, 
— or better: on the volume of the metallic phase. That such chemical and 
physical inhomogeneity is often the cause of thermo-electrical effects 
(hard-drawn metalwires, local impurities in metals, mechanical cracks and 
stresses, BENEDICKS-effects; etc.) is well known 1); also, that such 
thermoelectrical forces can be generated at the places of contact of 
crystallographically differently ovientated crystallites of even the same 
metal?), if the latter is only sufficiently anisotropous in elastical respects. 

As the copper-terminals outside the vacuum-furnace always have a lower 
temperature than the metallic combination in the furnace, — the combinat- 
ion as a whole always presents a certain temperature-gradient, by which 
these “inhomogeniety’’-thermo-forces may be able to manifest themselves. 

From Fig. 5 representing the mean temperature-coefficients of R in 
function of the temperature, it still more clearly becomes evident that two 
different states of the metal with respect to its electrical behaviour must 
here be distinguished: 1°. the temperature-intervals of 200°—500° C. and 
of 720° C. to higher temperatures, — throughout both of which the mean 
coefficients of the resistance remain practically constant; 29. the interval 
of 500°—720° C. in which the inner state of the metal considered appears 
a highly disturbed and complicated one and where only in the interval 
570°—630° C. a certain tendency towards a gradual re-arrangement into 


1) Conf. W. MEISSNER, Handbuch der Experimentalphysik, Bnd. 11, 2, 418, 426, 443, 


Leipzig (1935). 
2) E. GRUNEISEN and E. GOENS, Zeits. f. Physik, 37, 279 (1926); all references of 
the other literature on the subject are here to be found. 


Proceedings Royal Netherlands Acad. Amsterdam, Vol. XLI, 1938. 9 
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a final state with an almost constant mean coefficient of R and a constant 
electromotive force ¢ can be acknowledged. 

The thermoelectrical effects within this range of temperatures evidently 
are by no means accidental; for on repeating the experiments with another, 
perfectly stabilized sample of another shape, they constantly proved to 
reappear in the same general form, — exactly in this same region of inner 
disturbance of the metallic phase and, more especially, only above 510° C. 
Also the thermoelectric force again proved to remain constant in just the 
same interval of the temperatures, in which the mean temperature- 
coefficient of the electrical resistance in its turn showed a practically 
constant value: between the two phenomena, therefore, evidently there 
exist a_certain co-ordination, — which finds its explanation in the peculiar 
inner state of the metal in the temperature-interval just considered. On 
heating or cooling very rapidly, the primarily observed thermoelectrical 
effects occasionally proved to attain an even twice as great value as on 
slow treatment. Also in other cases of metals showing allotropic changes, 
the manifestation of such thermoelectrical forces may be looked for: thus, 
for instance such an effect was already previously stated by us in the case 
of cerium, — where it finally disappears by total stabilization, — and more 
especially in that of electrolytical iron1) between 700° and 1000° C. Such 
effects prove persistently to re-appear even after repeatedly heating and 
cooling the samples. 

The fact that, as we have seen, on heating the neodymium-bar during 
a sufficiently long time at a constant temperature ft, a quite determined 
value of « on the «-t-curve is finally reached, — seems to indicate that a 
state of dynamical equilibrium 6 = y at each temperature ft is finally 
established. Perhaps B- and y-neodymium within this region may represent 
a case of “dynamical allotropism”, — like, for instance, the S,- and 
S,-forms of sulphur 1); the allotropic change may perhaps proceed in each 
crystallite to a certain amount and then a mixed crystal be generated 
between the two forms by slow diffusion into each other: such mixed 
crystals, if in mutual contact, can equally well be the cause of the mani- 
festation of thermoelectrical forces2) and, on cooling, — perhaps by a 
process of their partial un-mixing, — by the sluggish transformation induce 
the phenomena of retardation of the kind here observed. 


§ 4. IV. Thermal Dilatation of Neodymium. 

With an experimental device which in another paper 3) will soon be 
described, the relative thermal expansion of a bar of the metal in vacuo 
was measured at a whole series of temperatures between 100° and 760° 
and the results were photographically recorded by means of the twin- 
galvanometer. 


1) Cf. for instance, H. R. KRUYT, Disseré. Utrecht (1908). 
2) W.-MEISSNER, loco cit. 
3) In Physica, (1938). 
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The fundamental principe of this method is as follows: the one end of 
the metallic bar, — which is heated in a vacuum-furnace, — js invariably 
fixed, whilst the other terminal, by means of quartz-rods, is connected with 
a semi-movable slit in such a way, that in the beginning of the experiment 
this slit is only just a little opened. The whole apparatus is so arranged, 
that, on heating, the gradually expanding bar causes the width of the slit 
ever more to increase when the bar gets longer. 

The slit mentioned is passed by the radiation of an incandescent lamp 
and an image of the latter is projected upon a linear thermocouple (after 
MOLL) which is connected with the one of the two sensitive galvano- 
meters: the greater the expansion of the bar, the wider is the slit and the 
greater, therefore, is the quantity of light falling upon the thermocouple, 
— thus producing an increase or a decrease of the current in the galvano- 
meter at various temperatures. 

The load stretching the heated bar is only very small, as the weight 
of the quartz-rod attached to it (ca. 35 grammes) is for the greater part 
still compensated by the action of a lifting steel spring. 

The method allows the accurate measurement of the dilatation (1 —TI59) 


of the bar. As 
I =Io9.{1 + a.(t — 20) + B.(t — 20)2+4+...... yl Sa eae (t-—20), 


if a’ is the mean linear expansion-coefficient. In Fig. 6, loo has arbitrarily 
been taken = 1; so that the co-ordinates used immediately indicate a’ . 106, 
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In the experiments the simultaneous heating of a short part of the quartz- 
rods applied cannot be avoided; this expansion of the quartz-rods is still 
included in the values given in the Table III, but the uncertainties are only 
unappreciable, as the expansion-coefficient of quartz is extremely-small. 
The necessary corrections will, however, afterwards exactly be determined. 

From these data which are graphically represented in Fig. 6, it 
becomes clear, that the relative thermal expansion of neodymium is highly 
remarkable in the same region of about 420°—714° C. which, as we have 
emphazised, also in a number of other respects proved to be an interval 
of sluggish transformations. The curve with its slope already diminishing 
at about 240° and its more rapid rise at 420°C., betrays the coming 
internal changes of the metal already at temperatures as low as these; 
in the temperature-interval 430°—508°, — the region of the calorimetrical 
hysteresis-phenomena, — it gets rapidly steeper, with a maximum and a 
break in the vicinity of 460° C., whilst a sharp discontinuity at 746° C. 
indicates the now completed transformation into the d-form of the metal 1). 
If the metal has, however, once been heated above 714°—746° C., on 
subsequent cooling the length of the bar proves to increase from 714° till 
640° C., whilst the temperature is lowered and this increase of length then 
persists till room-temperature. (Curve C). On repeating the experiment, 
the bar shows an accumulative permanent elongation on cooling, but only 
within the interval of temperatures between 740° and 640°C. and after 
the heating has been continued above 700°C. When, however, the 
temperature preliminarily has not been risen above 690°—700° C., the small 
dilatation of the bar obtained on cooling 2) finally decreases to zero at 
about 240°C. (Curve B). On the contrary, on preliminary heating at 
temperatures above 746° C., the increase of the length of the metallic bar 
proves to be only small: only by heatings at temperatures in the immediate 
vicinity of the transition-point: y = 6, therefore, the said expansion of the 
bar on cooling is produced, so as to be come permanent and accumulative in 
repeatedly executed heating-~ and subsequent cooling-experiments. In some 
respects this behaviour reminds of the remarkable successive changes of 
the viscosity of liquid sulphur, when the latter is gradually heated from 
the meltingpoint upwards and then more or less rapidly cooled: in this 
case these abnormalities are doubtlessly connected with a shift in the 


1) The curve in Fig. 6 shows, moreover, some slight irregularities at ca. 630° C. and 
at ca, 680° C.; ie. at the same temperatures at which also in Fig. 1B small discontinuities 
were observed. At the moment it remains questionable, whether they really correspond to 
still some other transformations taking place within the metal, or whether they only are 
in some way connected with internal stresses locally produced in it. 

2) Perhaps it is worth while to remark, that this maximum temperature of 640° C. 
here accidentally coincides with that, where the “constancy” of the thermoelectrical effect 
(and practically that of the méan temperature-coéfficient of the electrical resistance) ends; 
however, the localisation of this maximum in repeated experiments is certainly not always 
the same, — because it will depend on the special way of preliminary treatment of the metal. 


—______.. 
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Temperature 
t in Degr. 
Cent. : 


100° 
120 
140 
160 
180 
200 
220 
240 


| The Mean (relative) 


TABLE 


Wh 


. 


a’, 106 
herent Temperature 
and 20° C t in Degr. 
a : Cent. : 
214 420 
224 440 
233 460 
241 480 
250 500 
259 520 
269 540 
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linear Thermal Expansion-Coefficient @' of Neodymium 
between 100° and 770° C 
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composition of the liquid phase with respect to the two sulphur-modific- 
ations present in it. The facts mentioned in this paper seem to indicate, 
that an explanation of the peculiar properties of the metal studied here 
must, indeed, start with the consideration of the slow and often only 
imperfect re-establishments of internal dynamical equilibria between the 
B-, y- and 6-forms of this remarkable rare-earth metal. 


SUMMARY. 


The specific heats, the electrical resistance, the internal thermoelectrical 
effect and the thermal expansion of neodymium at various temperatures 
were investigated. . 

From the ‘total of all data thus obtained, it becomes evident that neo- 
dymium, — like cerium, lanthanum (and didymium), is at least tetra- 
morphous, — its successive transitionpoints being situated at — 164°C., 
+ 508°C. and + 714°C. respectively .The phase-transitions occurring 
between 500°C. and 720°C. are accompanied by more or less strongly 
pronounced retardation-phenomena which, — at least for the greater part, 
— are doubtlessly connected with the rather sluggish re-establishments of 
dynamical equilibria between the different forms of the metal in the 
successive phases. Neodymium heated above 740°C. expands on cooling 
as low as 640° C. and then obtains a permanent elongation, which proves 
to possess an accumulative character every time, that the See is 
ese 
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Paleontology. The mandible recently described and attributed to the 


Pithecanthropus by G. H. R. von KoENIGSWALD 1), compared with 
the mandible of Pithecanthropus erectus described in 1924 by 
Euc. DuBois 2). By Euc. Dusois. 


(Communicated at the meeting of January 29, 1938.) 


A letter from Dr. VON KOENIGSWALD, dated Bandoeng (Java) 12th July, 
1937, which came to hand 25th August, made me glad with the announ- 
cement of the discovery of a fragment of the mandible of Pithecanthropus 
erectus. I may quote the words literally, to elucidate, in a measure, his now 
published description: 

“Ferner habe ich noch einen Bericht, der Sie, sehr verehrter Herr 
Professor, wie niemanden interessieren muss: ich habe ein Unterkiefer- 
fragment vom Pithecanthropus entdeckt! Das Stiick wurde von meinen 
Sammlern, die fiir mich in Mitteljava Steinwerkzeuge und Fossilien suchen, 
gefunden. Es stammt aus sichern Trinil-Schichten (my italics); es handelt 
sich um einen Oberflachenfund, der durch Verwitterung leider schon 
gelitten hat (my italics). 

Der Kieferast ist enorm schwer, etwa wie bei den mannlichen Unter- 
kiefern von Chou-Kou-Tien. Er zeigt aber im vorderen Teil auf der Innen- 
seite, noch eben die Anlage einer eigenartigen nach hinten verlaufenden 
Abschragung, die Sie ja bereits an dem Kieferfragment von Kedoeng 
Broeboes beschrieben haben, und weshalb ich auch meinen Kiefer zu Pithe- 
canthropus stelle (my italics).” 

Some of the statements in the two paragraphs of this quotation from 
Dr. VON KOENIGSWALD’s letter do not quite fit in with statements in 
corresponding paragraphs of his published paper, which, because of the 
extraordinary importance of the subject, now may be quoted too. 

Concerning the discovery we read (p. 884): 

“Unter dem Material, das wahrend meiner Abwesenheit von Java ge- 
sammelt worden war befand sich ein Unterkieferfragment 
eines Hominiden, das dem Pithecanthropus zugewiesen werden 
muss. Das Stiick hatte offenbar schon langere Zeit an der Oberflache 


1) Ein Unterkieferfragment des Pithecanthropus aus den Trinilschichten Mitteljavas. 
Proc, Royal Netherlands Acad, Amsterdam, 40, 883—893 (1937). 
_ 2) On the Principal Characters of the Cranium and the Brain, the Mandible and the 
Teeth of Pithecanthropus Erectus. Proc. Royal Netherlands Acad. Amsterdam, 27, 
265—278 (1924); Figures of the Calvarium and Endocranial Cast, a Fragment of the 
Mandible and three Teeth of Pithecanthropus Erectus. Proc. Royal Netherlands Acad. 
Amsterdam, 27, 459—464. Plates I—XI. (1924). See especially pp. 24-278, and 
pp. 462—464. Plates VIII—XI. 
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gelegen und ziemlich durch Verwitterung gelitten. Es war beinahe ganz 
von einer diinnen Mangankriiste umgeben, die nur teilweise entfernt 
werden konnte. An verschiedenen Stellen sassen Reste eines feinkérnigen 
Konglomerates daran fest, wie es fiir die Trinil-schichten typisch ist. 
Vergeblich hat sich Verfasser bemiiht, die genaue Fundstelle auszu- 
finden. Das Stiick war vor Ende 1936 gefunden worden. Der ange- 
bliche Fundplatz liegt in den tonigen Djetis-Schichten, aus denen der 
Kiefer nach seinem Erhaltungszustand nicht stammen kann, doch musste 
mein Sammler zugeben, dass er auch in den ganz in der Nahe anstehenden 
Trinilschichten gesammelt hatte. Ist auch somit die genaue Fundstelle nicht 
mehr anzuweisen, so darf doch gesagt werden, dass der Fund aus den 
Trinilschichten des nordéstlichen Sektors der Kuppel stammen muss.” 

To these statements I add this one, from the following paragraph: ‘Der 
Schmelz der Zahne ist durch die Verwitterung, vielleicht auch durch 
Pflanzenwuchs, ziemlich aufgelést und zerstért (my italics), doch lassen 
sich die wichtigsten Details noch erkennen’’. 

Concerning the fossil mandible itself we meet (pp. 888—889) with a 
description of the peculiarity, which I had found in the mandible fragment 
from Kedung Brubus, and wherefore (‘‘weshalb’”) vON KOENIGSWALD 
also attributed his mandible to Pithecanthropus. This description does not 
fit in with the description in his letter to me. For this reason I may quote 
the paragraph in full: 

“Bei unserem Kiefer wird der ganze Unterrand des vorderen Kiefern- 
abschnittes von einer Flache eingenommen (my italics), die unter dem 
Vorderende des ersten Molaren beginnt und schnell an Breite zunimmt. 
Sie ist gegen den Vorderrand des Kiefers durch einen scharfen Knick 
abgegrenzt; nach hinten zu ist die Grenze nicht sehr scharf. Es handelt sich 
hier um eine auffallig breite und grosse Ansatzflache fiir den Musculus 
digastricus .Eine derartige Fossa digastrica findet sich auch an einem 
anderen Kiefer von Java, von dem leider nur ein sehr Kleines Fragment 
erhalten geblieben ist, das DuBois in Kedoeng Broeboes gefunden hat und 
zu Pithecanthropus gestellt hat...... Es handelt sich um ein Bruchstiick 
von nur 36 mm Lange, ohne Zahnkronen, nur mit der Wurzel des vorder- 
sten Prémolaren, das nicht leicht zu beurteilen ist. Wie bei unserem Kiefer 
muss der Caninus klein gewesen sein (DuBois). Das auffalligste ist eine 
geradezu enorme Fossa digastrica, die den ganzen breiten Unterrand (my 
italics) des Kieferstiickchens einnimmt, nach WEIDENREICH 1) “without 
parallel among all known hominid mandibles”. So breit wie an diesem 
Kiefer scheint die Fossa bei dem unsrigen nicht entwickelt zu sein, auch 
ist bei diesem die Ansatzflache mehr nach hinten ansteigend. Diese Unter- 
schiede scheinen mir jedoch nicht so wichtig, da beide Kiefer von sehr 
verschiedener Héhe sind und eine derartige Flache daruman den niedrigeren 


1) F. WEIDENREICH, The mandibles of Sinanthropus pekinensis. Paleontologia Sinica. 
Ser. D, Vol. VII, Fasc. 3, p. 122. Peiping (1936). 
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Kiefer von Kedoeng Broeboes such etwas anders gestellt sein kann. Die 
Unterkiefer des Sinanthropus haben gezeigt, dass bei diesem die 
Geschlechtsunterschiede sicher ebenso deutlich ausgepragt sind wie bei 
den Anthropomorphen, und dass mannliche und weibliche Unterkiefer u.a. 
sehr verschieden hoch sind. Dies wiirde darauf weisen, dass unser Kiefer 
einem mannlichen, der von Kedoeng Broeboes einem weiblichen Exemplare 
von Pithecanthropus angehért haben kénnte. Jedenfalls ist diesen beiden 
Kiefern trotz gewisser Unterschiede eine auffallige stark entwickelte Fossa 
digastrica gemeinsam.” 

With regard to geological comparison I may point out that fossils of 
Trinil and Kedung Brubus, having attained a very high degree of 
petrification, suffer but little from wearing, even on being during a very 
long time exposed at the surface, such as certainly was the case with the 
mandible of Kedung Brubus. Further, manganese incrustation implies 
abundance of lime in the enveloping rock, whereas in the volcanic tufa of 
Trinil and Kedung Brubus the element calcium is but poorly represented. 
Owing to the same cause, the fossil bones which I collected, by thousands, 
in this place are not enveloped by a fine grained conglomerate, which is 
cemented by lime, as in other places. Neither did I encounter, among the 
thousands of teeth collected at the surface, in the environment of Kedung 
Brubus, and elsewhere, any one showing a wearing of the enamel 
proceeding so far as to dissolution and destruction. 

As to the exact place and geological stratum where the fossil mandible 
was found in situ, it appears from the paragraph quoted from Dr. von 
KOENIGSWALD’s paper, that there is some, however unimportant uncertainty. 

Concerning morphology, which here is of prime importance, I 
think the best mode of comparison of the new fossil mandible with that 
found in 1890 at Kedung Brubus, is to quote now my description of the 
latter, published in 1924, together with descriptions of this fossil mandible 
by other authors, and then to reproduce, in the natural size, the figures of 
the new fossil mandible, facing those, also in the natural size, which 
accompanied my description. 

In the cited paper of 1924: “On the principal characters of the cranium 
and the brain, the mandible and the teeth of Pithecanthropus erectus”, 
pp. 274—276, I wrote: 

“It seems to me that it is evident, at least, from all this that Man and 
Pithecanthropus, both descend from a common primitive Simian ancestor. 
From this among the living species, the Hylobatidae, though greatly 
differentiated by their long arms and sabre-shaped canines, depart least, 
several fossil Simiidae still less. 

Also through his mandible and teeth Pithecanthropus deviated less from 
this common stock type than the three living Gigantanthropoidea and the 
Hylobatidae. 

Besides the calvarium and the left femur, three different teeth were dug 
up at Trinil, and nearly a year before the discovery there of the first 
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fossil remain of Pithecanthropus (the hindmost right upper molaris), a 
mandibular fragment, a small piece on the right of the symphysis, was 
found in the same Kendeng-layers, but at 40 km. distance on the E.S.E. 
of Trinil, namely at Kedung Brubus, among other fossil remains of the 
Kendeng-fauna. Its specific gravity 1) is the same as that of the teeth and 
the other remains of Pithecanthropus. A brief description of the mandibular 
fragment appeared at Batavia in 1891, in the ““Verslag van het Mijnwezen”, 
and I mentioned it, in a few words, in the ‘““Natuurkundig Tijdschrift voor 
Nederlandsch-Indié” of the same year. I then considered it a remain of a 
not exactly determinable human species, ‘‘of another and probably lower 
type” than those existing and the extinct European diluvial species. This 
particularly on the ground of a peculiarity in connection with the place of 
attachment of the digastric muscle. 

The mandibular fragment is a scalene-trangular piece of the corpus 
mandibulae, with as basis 36 mm. (measured rectiliniarly) of the lower 
border, immediately on the right of the symphysis .The apex is formed by 
the root of the anterior premolar tooth, which root has been preserved for 
the greater part. It is there 30 mm. high. There further is preserved the 
back half of the flat alveolus of the caninus with its root point, and part 
of the front plane of the alveolus of the posterior praemolar tooth, under 
which is situated the front edge of the foramen mentale, 12 mm. above 
the sharp lower border. In its full thickness the corpus mandibulae has 
only remained preserved at the septum of the alveoli of the caninus and 
the anterior premolar tooth. 

I now ascribe also this mandibular fragment to Pithecanthropus erectus, 
because what the teeth teach us is quite corroborated by the morphological 
characters of this small, but all the same very significant piece of the 
mandible. The three teeth of Trinil are the upper left second and right third 
molar tooth, and the lower left anterior premolar tooth. The root of the 
lower anterior premolar tooth, which has remained preserved in the mandible 
fragment, closely resembles the root of that tooth of Trinil (italics of the 
present paper), and the alveolus still present in front of it, with the root- 
point, of the canine tooth, betrays comparatively small canini, a caninus of 
the maxilla in keeping with this short premolar crown of the mandible. In 
view of this it is highly probable that the mandible fragment of Kedung 
Brubus derives from (another individual of) Pithecanthropus erectus, an 
at any rate rare species of the Kendeng-fauna. 

The jaw and the teeth appear to have been almost perfectly human in 
their front part, particularly in the shape of the symphysis and the lower 
anterior premolar tooth and the canine, all of which differ so characteristic- 
ally from those of the Manlike Apes. Crown and root of the premolar tooth 
are mesio-distally narrow, and the root, which has a double formation, is 


a Exactly determined in the Laboratory for Physical Chemistry of Amsterdam 
University. (Note of the present paper). 
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only divided at the point. Also the alveolus of the lower caninus is flattened 
in the said direction. 

Very remarkable is at the mandible fragment the extensive, broad, and 
long area of attachment of the digastric muscle, which makes the under 
part of the bone angular over a great length (as far as past m;), This 
attachment of the digastric muscle which, as in the gibbons, extends far 
backward, is incompatible with a function of the tongue as an organ of 
speech. The muscle may, indeed have been particularly powerful (much 
stronger in proportion to the size of the body than in the gibbons), because 
it had to bear a comparatively greater weight, on account of the erect 
attitude of Pithecanthropus. 

Very different from that of the Manlike Apes, the symphysis must have 
been quite human. In the large Anthropoid Apes a plane applied at right 
angles to the alveolar line, between the caninus and the anterior premolar, 
always cuts the corpus mandibulae at a considerable distance before 
the back edge of the symphysis; in the small gibbon species it just strikes 
the back edge. In the mandibles of Mauer, Spy, and La Naulette, as well 
as in modern Man, on the contrary, this plane remains about 1 cm. behind 
the symphysis. The plane in question generally passes right through the 
septum of the alveoli of the teeth mentioned and also in our fossil mandib- 
ular fragment this plane remained far (7 mm. according to estimation) 
behind the symphysis 1). 


E M H 


Transversal sections of casts of the corpus mandibulae (right side) of 
Pithecanthropus (P), natural size, and the man of Mauer — Homo heidel- 
bergensis — (M), in both mandibles passing between the canine and the 
anterior premolar tooth, and section of the corpus mandibulae (right side) of 
a Hylobates (Symphalangus) syndactylus (H), passing through the socket 
of the first molar tooth, this section enlarged, M reduced to the height of P. 
The outline P is very different from M, evidently on account of the large 
fossa digastrica of the former mandible. The section H passes through the 
deepest part of the fossa digastrica. Judging from the existing part of the 
lower border in the fossil fragment, a section of the mandible of the Pithe- 
canthropus at the corresponding place resembled Hylobates. 


The root of the anterior premolar tooth in this fossil is broad, bucco- 
lingually 8.4.mm., and flattened in mesio-distal direction to 5.0 mm. Hence 


1) This figure with text belongs to the description of Plate VIII, p. 463. 
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it has about the same dimensions as the root of the homonymous tooth of 
Trinil: 8.1 and 4.2 mm. Like this, it is composed of two root elements 
placed almost transversally, to be recognized by the two canals. The two 
teeth were evidently of the same type (my new italics). 

This tooth of Trinil was very human, as also appears from the diameters 
of the crown: 8.2 mm. bucco-lingual, 7.0 mm. mesig-distal, breadth index 
117. It is undoubtedly an anterior premolar tooth, for the buccal cusp is 
much larger than the lingual one, hardly deserving the name of cusp, which 
feature makes the masticatory surface oblique, the buccal surface is strongly 
bent inward, bulging outward and much higher than the lingual surface; 
besides the middle crista is of a type only met with at anterior premolar 
teeth of Anthropoids. In front and at the back the crown presents a facet 
of contact, with the canine tooth and’the posterior premolar tooth of the 
lower paw, and at the upper edge of the buccal surface a facet of wear 
with the caninus of the upper jaw. The flat root of this tooth consists of 
a front-outer and a back-inner element. At the back-side they are separated 
only at the point of the former (the other point is broken off), over a 
length of 3.6 mm., but at the front side the disjunction of the root extends, 
as a deep fissure, 8 mm. more towards the crown. The total length of the 
front-outer root-element is 20.1 mm. The two roots of the homonymous 
tooth of the Anthropoid Apes, which are entirely or for the greater part 
separated and placed almost perfectly behind each other, are found here, 
as it were, from front backwards pressed almost crosswise and grown 
together.” 1) 

So far my description. I add to this an abstract from the description of 
J. H. McGrecor, Professor of Zoology, Columbia University, and Research 
Associate in Human Anatomy, American Museum of Natural History, 
who studied, in my presence, the fossil thoroughly in Teyler Museum, 
Haarlem, were at that time the Pithecanthropus remains were housed: 
He writes as follows concerning the most striking and differentiating 
characters of this jaw fragment 2). 

See “a third tooth was found in the Trinil excavation, a left anterior 
lower premolar. This is a particularly important tooth, as it yields indubi- 
table evidence regarding the upper canine. The tooth is small, and quite 
human, and had it been found alone there would have been no question 
as to its humanness. The root is forked at the tip, or rather there are two 
roots united except at the extremity, a primitive condition occasionally 
seen in the corresponding tooth of man, and an important human 
character is that the two branches of the root, buccal and lingual, are 
opposite, not obliquely placed as in the corresponding tooth of the apes, 


1) The anterior left lower premolar is represented in five figures on Plate IX of 
“Figures of the calvarium and endocranial cast, a fragment of the mandible and three 
teeth of Pithecanthropus erectus”. Proc, Royal Netherlands Acad. Amsterdam, 27 (1924). 

2) Recent Studies on the Skull and Brain of Pithecanthropus. Natural History, Vol. 
XXV, No. 6, 544—559 (1925). New York. See particularly pp. 557—559. 


ie 3) 


Facets of wear show the occlusion of this tooth with the upper canine 
and first premolar, and a contact area on its mesial border indicates 
its close proximity to the lower canine. This tooth clears up one highly 
important point hitherto doubtful. It proves that the upper canine, which 
is always slightly larger than the lower, was small and hominoid. In 
all the anthropoid apes the first lower premolar is elongated and 
enlarged in adaptation to a shearing occlusion with the tusklike upper 
canine, consequently Pithecanthropus, with small premolars and canines, 
must have been manlike in possessing a short dental arch. Of course the 
question may be raised whether the premolar belongs to the same individual, 
or even the same species, as the molars. As to this it may be stated that 
the condition of fossilization, the color and the texture of crown and roots, 
etc., which are apparent in the original teeth, together with the absence 
of any remains of other large primates, render it highly probable that the 
three teeth are all members of the same denture. 

The view that Pithecanthropus possessed a manlike dental arch receives 
strong confirmation from another source. This is a most important piece 
of evidence — a fragment of a lower jaw. 

“The part preserved ... contains ... sufficient to convey a fairly authentic 
picture of the form of the chin region. It proves, for one thing, that the 
chin was practically vertical (my italics), but lacking any pronounced 
mental eminence, — in short, somewhat like the Neanderthal chin, and quite 
different from that of any ape; though as Professor DuBois observes, it is 
approximated somewhat by the chin region of Hylobates. A unique feature 
is the great extent of the digastric fossa, which is bounded by a rather 
sharp inferior margin (my italics and spacing). It is difficult to 
imagine the functional significance of this peculiar condition...... The root 
of the first premolar is quite flat, measured mesio-distally, and the rootcanal 
can be seen to divide into buccal and lingual branches correspond- 
ing exactly to the bifurcation of the root in the first premolar from Trinil. 
The canine alveolus containing the extremity af the root demonstrates the 
small size of that tooth, thus completely confirming the inference drawn 
[rom the Trinil premolar, that the canines must be small and manlike 
(my italics and spacing).” 

Fig. 11 (p. 558) of McGreEGor’s paper is a reproduction of a photograph 
(three-quarters front view, natural size) of the mandibular fragment from 
Kedung Brubus, with pen and ink restoration of the chin region and 
anterior teeth. “The small size of the anterior teeth and the nearly vertical 
chin are clearly shown (my italics).” 

This restoration is nearly similar to that on our Plate II, a reproduction, in 
the natural size, of the enlarged restoration p. 462 of my “Figures” of 1924. 
The chin cannot have been otherwise shaped, on account of the symphysal 
line being, below, near the anterior extremity of the mandibular fragment, 
and: above, relatively little more frontward because of the small space 
required by the incisor teeth before the alveolus of the canine tooth. This 
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form of symphysal line approaches modern human conditions and 
reminds, at the same time, of those obtaining in Hylobatidae. I never 
imagined Pithecanthropus as a “giant Hylobates”’, only asa giant descendant 
from a ‘generalized’ form, which had inherited from its ancestor the 
“gibbon-like appearance”, but had leaped to one degree higher of (the double) 
cephalization — as much did the arboreal Squirrels rise, by one leap, above 
the cephalization of the Ground Squirrels. Probably, essential change of 
diet caused the canine teeth to reduce and the fore part of mandible and 
maxilla to shorten and resemble human appearances. 

FRANZ WEIDENREICH, Visiting Professor of Anatomy, Peiping Union 
Medical College, describes the strikingly differentiating characters of the 
mandible of Kedung Brubus briefly as follows1): “My examinations are 
based on a well made cast...... the most surprising aspect is presented by 
the lower margin. The latter is formed by a uniform broad and approxi~ 
mately smooth plane the lateral border of which coincides with the lower 
border of the mandible itself. The medial border of this plane is just 
recognizable. This plane cannot be anything else but a part of the digastric 
fossa. However, that which is strange is the breadth of the fossa which 
is without parallel among all known hominid mandibles ...... The fact that 
the mesio-distal diameter of the root (of P1) is very small in comparison 
with the labial-lingual one is strange and different from Sinanthropus (my 
italics) .”’ 

Professor WEIDENREICH, although for illustrations referring the reader 
to my Report of 1924, does not speak of the similarity of this root with 
that of the Trinil premolar. Neither does he mention this root in his 
recent Memoir (1937), “The Dentition of Sinanthropus pekinensis: A 
Comparative Odontography of the Hominids” 2), though discussing the 
crown of the Trinil premolar circumstantially (pp. 143—146), and 
figuring it (Plate XXV, Figure 2422). However, it appears from the 
description of the first lower premolar in Sinanthropus that, certainly, the 
root is entirely different from that of the homonymous tooth of Trinil. 
Likewise, concerning the crown, WEIDENREICH says (p. 145): “In any 
case this tooth does not have the slightest resemblance to a Sinanthropus 
premolar (my italics)”. 


I now am confident that comparison of the figures of Plate I with those 
of Plate II will conclusively convince the reader that the proper distinctive 
characters of the mandible of Kedung Brubus and the premolar tooth of 
Trinil are not present in the mandible recently described by Dr. von 
KOENIGSWALD. The chin region, the premolar teeth and, undoubtedly, the 


1) The mandibles of Sinanthropus pekinensis. A comparative study, Siento 
Sinica. Series D, Vol. 7, pp. 121—122. Peiping 1936. 

2) Paleontology Sinica. New Series D, N°. 1. With an Atlas in separate volume. 
Peiping 1937. 


EUG. DUBOIS: THE MANDIBLE RECENTLY DESCRIBED AND ATTRIBUTED 
TO THE PITHECANTHROPUS BY G. H, R. VON KOENIGSWALD, COMPARED 
WITH THE MANDIBLE OF PITHECANTHROPUS ERECTUS DESCRIBED IN 
1924 By Euc. DuBOIs. 


Hae PLATE Il 


thropus erectus 
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| ED: v Restoration of the fore-part / 
/ %) } -—— of the mandible of Pithecan j 
/ 


Fragment of the right half of the body of a mandible, approximate of the 
symphysis, of Pithecanthropus erectus. Natural size: Fig. 12. — Outer view. 
Fig. 13. — View from below. Fig. 14. — View from above. Fig. 15. — Mesial 
fracture view. Above these figures restoration of the fore-part of the mandible 


Fragment of the right, almost complete half of the body of a mandible, attributed 


for comparison with Fig. 1 of Plate I, and reproduction of the fore part of lateral 
by G. H. R. VON KOENIGSWALD to Pithecanthropus erectus, Somewhat enlarged view of the right half of the mandible of Sinanthropus H I (female). Natural size 


from his figures to exact natural size, as given in the text: Fig. 1. — Outer view. From FRANZ WEIDENREICH: The Mandibles of Sinanthropus pekinensis. A 
haw eet from above. Fig. 3. — Inner view. Comparative Study, Fig. 4 (p. 26). Peiping 1936. Even in this, from the common 


Sinanthropus type most deviating jaw, the chin region but little approaches 


Proceedings Royal Netherlands Acad. Amsterdam, Vol. XLI, 1938. Pithecanthropus. 
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fossa digastrica, are entirely different. The latter is not visible in any of 
the three figures, and such a one as characterizes the mandible of Kedung 
Brubus does not fit in the forepart of the mandible of Plate I. This, 
undoubtedly, as von KOENIGSWALD conclusively showed, is a human 
lower jaw, has belonged toa homini d, as he calls it. 

The skull belonging to this heavy lower jaw must have been a very 
large one. For its length, computed from a comparison of the total length 
of the four teeth in the mandible discovered by VON KoENIGSWALD, with the 
corresponding teethrow length in the skull with lower jaw of Sinanthropus 
pekinensis, recently reconstructed by WEIDENREICH (Nature, December 11, 
1937, p. 1010), I find approximatively 236 mm, or 15 mm more than the 
length of the largest Ngandong skull. Therefore the small skull cap dis- 
covered in the same stratigraphic complex with the mandible cannot belong 
to one and the same individual. Moreover, a skull cap resembling that 
of the Pithecanthropus erectus does not directly prove organismal identity, 
for it was proven that such a striking resemblance of the skull of 
Sinanthropus and Pithecanthropus does correspond with a striking 
difference in the shape of the brain. Indeed, the brain of all Hominids, 
including microcephalics, shows a parietal vertex, Pithecanthropus, 
on the contrary, does not possess such a vertex, and the brain contour 
coincides with that of Hylobates and Chimpanzee’). 

Apparently, VON KOENIGSWALD made the very interesting first discovery 
of a part of the splanchnocranium, a significant part, of a Javanthropus, 
and that from an adult and very large individual, together with a skull cap 
belonging to a young and small individual. It appears, indeed, highly 
probable, that both fossils are attributable to Homo soloensis (Javanthropus), 
on account of the important new evidence which VON KOENIGSWALD 
supplied, by this discovery, of the racial identity with Sinanthropus. 


1) I refer to my papers: “The Shape and the Size of the Brain in Sinanthropus 
and in Pithecanthropus’. Proc. Royal Netherlands Acad. Amsterdam, 36, 415—423 (1933), 
and “Racial Indentity of Homo soloensis, Oppenoorth (including Homo modjokertensis, 
von Koenigswald) and Sinanthropus pekinensis, Davidson Black’. Proc. Royal Netherlands 
Acad. Amsterdam, 39, 1180—1185 (1936). Further: “On the Fossil Skulls Recently 
Discovered in Java and Pithecanthropus erectus’. “Man”, Vol. XXXVII, pp. 1—7. January 
1937, and “Early Man in Java and Pithecanthropus erectus’, in “Early Man, as Depicted 
by Leading Authorities at the International Symposium, the Academy of Natural Sciences, 
Philadelphia. March 1937, and Edited by George Grant MacCurdy, pp. 315—322. 
London 1937. Special attention may be called, in the latter paper, to the (new) Figure 49: 
comparison of norma lateralis views of endocranial casts of the Homo soloensis Skull V 


and the Pithecanthropus erectus skull. 


Botany — Some remarks on the stelar morphology of Knorripteris Jutieri 
Bertrand, and on its systematical position. By O. POSTHUMUS. 


(Communicated at the meeting of January 29, 1938.) 


In a memoir, shortly published, remarkable for its clear description of 
details, RUDOLPH 1), studying material of unknown age, was able to give 
a better insight in the anatomy of Knorripteris. He was able not only to 
confirm the statement of the anatomy of the woody parts and the central 
tissue, given formerly by HORICH, POTONIE and BERTRAND, but also to give 
a description of the soft tissue outside the xylem, of which the position of 
the phloem deserves special attention. 

The chief facts are that leaf-traces in the cortex consist of 5 xylem 
bundles with one phloem bundle, the xylem, as a whole, being guttershaped, 
(crescent shaped in transverse section) in the outer part, rounded in the 
inner part. Towards the interior the phloem joins that of other bundles 
at the bottom of one of the meshes of a lattice work of phloem bundles, 
mentioned by RUDOLPH as stem phloem. The xylem bundles pass through 
this gap, gradually running towards the centre and ending blind there, 
without any fusion between each other. 

The innermost portion of the groundtissue has vanished, the middle 
cortex consist of lacunosa aerenchyma; this gives support to the supposition 
that Knorripteris was a waterplant, with a submerged rhizome. 

In a former publication, reviewing the data, given by BERTRAND and 
PoTonlE, I compared 2) this plant with Pitys, on account of the similarity 
in the position of the xylem strands, which, in Pitys, run obliquely down- 
wards in the pith and end there blindly. The position of the phloem of 
Knorripteris and Pitys was unknown at that time. If this comparison be 
justified, Knorripteris would belong to the seed-plants and not to the 
Pteridophyta. RUDOLPH, though admitting the similarity, indicated above, 
is inclined to consider Knorripteris to belong to the Pteridophyta. He bases 
his opinion chiefly on the absence of secundary growth and the position 
of the phloem. 

If we discuss these criteria, it has to be admitted that the presence or 
absence of secundary growth is not sufficient to decide, whether a plant 
belongs to the Filicales or not. In the Filicales secundary growth is known 
from Botrychium?) and from Botrychioxylon paradoxum Scott 4); 
perhaps another fossil with well developed secundary xylem, Protopitys 


1) Palaeontographica, Bd. 82 B, 143—171, pl. 14—16 (1937). 

2) Receuil des travaux bot. néerl., vol. 21, 521—523 (1924). 

8) BOWER, the Ferns, vol. 1, 136—138, fig. 119, 129 (1923). 

4) ScoTT, Studies in Fossil Botany, vol. 1, third ed., 319, fig. 142 (1920). 
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Buchiana GOPPERT 5) also belongs to this group. On the other hand the 
Monocotyledones are devoid of secundary growth by cambial activity. 
Moreover the aquatic habit may tend to its disappearance, as RUDOLPH 
already admits as a possibility 6), 

The value of the other criterion, the position of the phloem, is not 
quite established yet. In my treatise on stelar morphology, I emphasized 
that the position of the phloem is, especially in the fossil plants, less well 
known, and, because its position appears to be more or less secundary 
in regard to that of the xylem, no conclusion could yet be drawn from its 
position 7); it thus cannot be considered as a decisive factor in our 
considerations. 

RUDOLPH only mentions the possibility of another explanation 8), which 
he does not accept: Knorripteris might be derived from a plant like 
Osmunda, in which the stem xylem has completely disappeared, thus 
leaving the lower parts of the xylem bundles of the leaf-strand quite free, 
which bundles afterwards extend further down towards the centre of 
the stem. 

It is difficult to see how, if, probably in connection with its aquatic 
habit, the stem xylem disappears, the xylem of the leaf-trace bundles 
could have developed further downwards, penetrating further towards the 
interior. We might expect that in such a case the reduction of both stem- 
and leaf-trace xylem was more or less parallel. The structure is easier 
to understand as if the reduction of the stem xylem as a whole had already 
taken place beforehand and not in relation to the peculiar habit of the 
plant; thus in the same way as found in the seed plants, especially as 
shown, when comparing Lyginodendron with Heterangium. The occurrence 
of short tracheids in the central tissue than also becomes more easy to 
understand. 

Also the exarch position of the protoxylem in the bundles, resembles 
more that in Heterangium, by reduction of the abaxial metaxylem; the 
presence of the latter is a constant feature in the Ferns. 

Another point is the shape of the foliar bundles, which, as RUDOLPH 
admits 9), is more like that of Pitys than that of Osmunda. 

All these characteristics plead more for an affinity of Knorripteris 
with the Filicales than with the Seed-plants. 

As mentioned above, though we can find some features of the xylem- 
structure, which enable us, in structural remains, to distinguish Filicales 
from Seed plants, this is not the case with the structure of the phloem. 
Its position seems to be determined more or less indirectly by the position 


of the xylem. 


5) Receuil des trav. bot. néerl., vol. 21, 524 (1924). 
6) Palaeontographica, Bd. 82B, 164 ( 1937). 
7) Receuil des trav. bot. néerl., vol. 21, 281 (1924). 
8) Palaeontographica, Bd. 82B, 165 (1937). 
9) Palaeontographica, Bd. 82 B, 166 (1937). 
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In case the stem xylem is well developed, there is, as far as known, a 
phloem surrounding it, both in the Filicales (Cheiropleuria 19), Inversica- 
tenales 11)) and in the Seed-plants (Heterangium 12)). In the Pterido- 
phyta we see that this phloem attains in the more complicated forms a 
greater extension, also covering the innerside of the leaf trace, penetrating 
towards the inner side of the xylem lattice-work and at last surrounding 
the surface of the xylem all over; thus in a transverse section of most of 
the Polypodiaceae, the xylem strands, either consisting of stem-xylem or 
of leaf-xylem, are surrounded by phloem. Also in the Osmundaceae the 
phloem penetrates into the leaf-gap and into the funnel, ending blind 
there 13), 

This tendency to surround the xylem of the bundles is not found so 
clearly in the Spermatophyta; it is absent both in the living ones and in 
fossil representatives as far as known to us (Lyginodendron); a tendency 
to form phloem bundles running as cortical and medullary bundles quite 
separated from the woody parts, is on the other hand known in the Seed- 
plants, but not in the Ferns. 

Though, as already mentioned above, the value of the characteristics 
of the phloem, is rather vague, the arguments for Knorripteris belonging 
to the Seed-plants are stronger than those pleading for its affinity to the 
Filicales. It is hoped that shortly more ample material, also including 
impressions and fructifications, may throw more light on this puzzling genus. 


10) Receuil des travaux bot. néerl., vol. 21, 196 (1924). 
11) Receuil des travaux bot. néerl., vol. 21, 173—194 (1924). 
12) Receuil des travaux bot. néerl., vol. 21, 269 (1924). 
18) Receuil des travaux bot. néerl., vol. 21, 127 (1924). 


Mathematics. — Einige Integraldarstellungen ftir die LOMMELsche 


Funktion S,,,(z). Von C. S. MEYER. (Communicated by Prof. 
J. G. VAN DER Corput). 


(Communicated at the meeting of January 29, 1938.) 


§ 1. Die Funktionen So,» (z), Si,(z) und S-1,+(z), wo S,»(z) die 
LOMMELsche Funktion!) bezeichnet, besitzen, wie ich friiher 2) bewiesen 
habe, fiir jedes z 0 mit larg z|<i2 die Integraldarstellungen 3) 


Sap) = | ese COSH VE CL, a a (1) 
0 
Pase)> AZ). z { ew sink YECOSI? CCl oan ema (2) 
0 
Die |Z) = -| €aa COSR Yi Cosh 1 dt arene | 
0 
¥ S_1,y(z) =| Sint At ee a ee eee et A) 


0 


Es ist naheliegend, zu versuchen fiir die Funktion S,,»(z) Integral- 
darstellungen abzuleiten, die fiir «=0,1,—1 in (1), (2), (3) oder (4) 
iibergehen. 


§ 2. Ich gehe aus von *) 


aa 4 7-1 pore ; : 
SmO=pare | * Kesttu)( 


0 
X3F,(1.¢+47—tu,4—$r—hyp; CrP aA 2 l22\ de 
(wo z#0, jargz|< 42 und a und £ beliebig mit R(a) > 0, (8) > 0) 


1) Fur die Definition der Funktion Sw,» (z) siehe man G. N. WarTSON, A treatise on 
the theory of BESSEL functions, S. 347 (1922). 

2) C. S. MEIER, Integraldarstellungen aus der Theorie der BESSELschen Funktionen, 
Proc. London Math. Soc., (2) 40, S. 1—22 (1936) (S. 20). 

3) Die Beziehungen (1) bis (4) sind Erweiterungen bekannter Integraldarstellungen des 
NEUMANNschen Polynoms On (z) und des SCHLAFLIschen Polynoms Sn (z). 

4) Siehe MEYER, loc. cit., Satz 5. 


10* 


eye 


und setze hierin u=4zsinht,a—1 und P=}—w (R(u) < ¥), bezw. 


u=tzsinht,a=—1 und B=}—yp (R(u) <4). Ich erhalte dann 


i 
Sur Z=p se Z Pan _; (z sinh t) (sinh t)-“ +"2 . 


< F, (§ + $r>—4u, $—47—$ 4; $—p; —sinh’ t) cosh t dt, 

bezw. °) 

Jett st 
5. ee if Kuai(z sinh (sinh Q-#+4 
P(;—p) (7) 
0 " 
X Fi (4 »—44, —4¢—4t uw; ¢— pw; — sinh’ 6) dt. 
Es gilt aber °) 


2 sink ff” 


P? (cosh t) = ial 


oF, (4 + tn—tm, —4n—tm; 1—m; —sinh’t). 
Aus (6), bezw. (7) ergibt sich somit 
Oa) = 2 K _3(z sinh t) Pi} (cosh #) sinh tcoshtdt . (8) 
9 
(wo z#0, |argz|<( 4a und KR (u) < ¢ ist), bezw. 


Sap AZ) ee "Kos (z sinh t) P*} (cosh t) sinh t dt . seueteue9) 


0 


ae z#0, |argz|< 4% und R(u) < F ist). 
Nun hat man ’) . ea teteae 
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Formel (1) ist also der Spezialfall mit u1—0 von (9), Beziehung (2) 
der Spezialfall mit «4 —0 von (8), Relation (3) der Spezialfall mit at 


von (8) und Integraldarstellung (4) der Spezialfall mit E=— 1 von (9), 

§ 3. Man bekommt andre Erweiterungen der Wes (1) bis (4), 

wenn man a=1 und f=1—14u, bezw. a=1 und b=4+—t4, oder 
a—=1 und B=3—t4w in (5) setzt. Es gilt namlich 8) 
2 (1—x).2F;, @ 4 


= Fi -+4o—44,—4—49—4y;4—t0 . . (13) 
+ fy (—3+4»—44, 4-4 peter 
und 
v oF 3+ 5r—tu Cpt e ae a x) | 
=(e+27—$4). Fi ($+47—h4, $494; $—4u; x) § (14) 
=—is—49— Fp). 2F, Pea ere 


Setzt man nun u—4zsinht, a=1 und p=1 oe PRO e ying). 
so erhalt man 


kuti 
Su,» oS = Pitan f Be (z sinh t) (sinh t)- 34+} 
. (15) 


XK 2F; ($+4»—4tu,4 ape Seeenaen 


In dhnlicher Weise findet man mit Riicksicht auf (13), wenn man 


u—7zzsinht, a=1 und B=4—ty (R(u) <1) in (5) setzt, 
Tr ae ria 
Sasiz) == Tisin | Ke (z sinh t) (sinh t)~-*“ + 
(16) 
X Fi (3 ist fy —f— 5 PV — 53g ee — sink? 2) 
ae er Pn ee Ht), \COsh dts), 
ebenso erhdlt man mit Riicksicht auf (14), wenn man u=4zsinht, 
a=1 und f=3—ty (R(u) < 3) in (5) setzt, 
tu—3 stet4, (7 ae 
Mees al: Kyu-y(z sinh #) (sinh 344% | 
PG—tp) 
0 . (17) 
x {(G+4°—4ty)..F, G+47—tu.4—4$7—44:; $—42:; —sinh’ t) 
(hb —} 9h) oF (b+ dh 4 4 ws 4 sinh? 2) cosh ede 
8) Man vergl. C. F. Gauss, Disquisitiones generales circa seriem infinitam ...., Werke 


3, S. 130, Formeln (7) und (2) (1866). 
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Nun hat man ’) 


(sinht cosht)-™ 


a athe (1-+n—m, —n—m; 1—m; —sinh? t). 


Pi (cosh 2t)= 

Aus (15), bezw. (16), oder (17) folgt also 

Ne 62 ea) he ant f Kyu (esinho Pi!" 4 (cosh28) (cosh t)“+! sinht dt. (18) 
0 


(wo z#0,|argz| << $a und R(u) < 2 ist), bezw. 


Sy,» (z) = 2t4—-# ztett | Ky 44(z sinh t) 


) (19) 
a ppieet (cosh2t) + P!{** (cosh 20) (cosh t)i“—! sinh t dt | 
(wo z# 0, |argz|< $a und HR (us) <1 ist), oder 
Pao), plese A 2h (Rie 3 (z sinh s 7 
2) og ese 


<b-+4e— 4) PHO aie he | 
SSeS ty py) DIG ce ee t dt , 
(wo z0, jargz|<42 und R(u) <3 ist). 


Es ist nun leicht einzusehen, infolge (10), (11) und (12), dass Forme) 
(©) dex Spezialtall mit x=! von (18), Formel (8) der Sperialfall mit 


Mathematics. — Die induzierte kovariante Ableitung ftir Spinoren. 
Von J. HAANTJES. (Communicated by Prof. J. A. SCHOUTEN). 


(Communicated at the meeting of January 29, 1938.) 


Finleitung. 


Bekanntlich bilden die kontravarianten WVektoren in jedem Punkte 
einer V, einen euklidischen 6-dimensionalen Raum, der mit R, bezeichnet 
wird. Es ist médglich die oo® kontravarianten Vektoren der Re auf die 
oo® kontravarianten Bivektordichten vom Gewicht x eines 4-dimensionalen 
affinen Raumes (Bezeichnung E,) abzubilden'). Jedem Punkte der V, wird 
nun eine FE, zugeordnet, die wir Spinraum nennen. In dieser Fi, betrachten 
wir nur Affinordichten mit einem Gewicht, das gleich + mal der Differenz 
zwischen kontra~ und kovarianter Valenz ist. Diese Affinoren, die sich 
alle mit der Transformationsdeterminante -++ 1 transformieren, nennt man 
Spinoren, insbesondere auch Spinvektoren. Wir identifizieren nun die 
Spinbivektoren der E, mit den kontravarianten Vektoren der lokalen Rm 
Das Problem ist eine kovariante Ableitung fiir Spinvektoren zu bestimmen. 
Im zweiten Paragraphen wird das entsprechende Problem fiir eine V; 


behandelt. 


§ 1. V6 und Spinraum. 

Wir betrachten einen RIEMANNschen Raum V, mit den Koordinaten 
x” (x, 4, u,¥,0,0,T=1,...,6). Der Fundamentaltensor des Raumes sei 
mit az, bezeichnet. Jedem Punkte der Vg sei eine E, zugeordnet mit 
den kartesischen Koordinaten X4(A,...,G=1,...,4). Die kontra- 
varianten Vektoren v* in einem Punkte der V, identifizieren wir mit 
den Spinbivektoren v4 der Ey, derart, dass die Bestimmungszahlen v* 
lineare homogene Funktionen der Bestimmungszahlen v4 des entspre- 
chenden Bivektors sind 


SE eee ii 


Die Umkehrung lautet 
AB LAB aS 0 nd spa teal werd) 


Diese Korrespondenz kann man so wahlen, dass der Fundamentaltensor 


1) Vgl. W. VAN DER WOUDE, Ueber die Drehgruppe in Rg. Annali della R. Scuola 
Normale Superiore di Pisa, II, 4, S. 163—174 (1935). J. A. SCHOUTEN und J. HAANT]Es, 
Rg und Spinraum. Annali della R. Scuola Normale Superiore di Pisa, II, 4, S. 175—189 


(1935), (weiterhin zitiert als Sp. I). 
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aj, dem Spinquadrivektor a4°? entspricht, wo a*?°? definiert ist durch 


die fiir alle Bezugssysteme giiltige Gleichung 


i234 — 1, (3) 
Es ist dann 
a et ng se 
Die a48©P und seine Umkehrung aagcp, definiert durch 
eT eae ee 


kénnen verwendet werden zum gleichzeitigen Herauf- und Herunter- 
ziehen von zwei alternierenden Indizes. Die Gleichung (4) lasst sich dann 
auch schreiben 

a7. 2 3 cen, ees een) 


Aus dieser Gleichung folgt (vgl. Sp. I, S. 177) 


kc x) AC — qt? oe : a i as a . . (7) 
: yA 
tie Mcp 44cm + + + + «s+ 18) 


wo a4 der Einheitsspinor der EF, ist. 
Die Grosse 4”, ist eine Verbindungsgrésse, die in bezug auf den Index x 
ein kontravarianter Vektor der V, und in bezug auf die Indizes B,C 


ein Spinbivektor (vom Gewicht — 4) ist. 


Es handelt sich jetzt darum, ausgehend von der RIEMANNschen Ueber- 
tragung in der V6, eine Uebertragung fiir Spinvektoren zu bestimmen. 
Dazu setzen wir an 


Vetian—O, aE gs, OAS Aen Re Atco “renee (9) 


eine Forderung, die nach (7) im Einklang ist mit \’, a** =0. Bezeichnen 


wir die Uebertragungsparameter fiir Spinoren mit A?s, so lautet (9) 
ausgeschrieben 


x x Zz Zz 
O= On tia t | Mt thag— AVE eg AV Uae: iehe> (10) 


Wegen der Verabredung iiber das Gewicht der Spinoren ist 
VA Oa rt <td ieee eee LY) 


Die A’s sollen nun aus den Gleichungen (10) und (11) gelést werden. 
Dazu bemerken wir, dass wegen (8) 


On Xap F (Op Mcp) Hj Pr' ag = Pua Pittoarer eerie dh2) 
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ist, wo p%, steht fiir 41 (0, %cp) 430°. Die Parameter A‘, lassen sich 


linear in den 16 linear unabhangigen gemischten Ancred 


Gage ee i ae ee oe ere (13) 


ausdriicken. Es gilt namlich fiir jedes P“y die Identitit 
ee Ma 2 pee gee geo oe 10led 
Wenden wir diese Identitat an auf die Ane so verschwindet der Koeffi- 
zient von a? wegen (11) und es resultiert eine Gleichung von der Form 


AaB = noo Hog (Cogs et 1) 


Nach (12) und (15) geht (10) iiber in 


7 - co x oO c 
(eat ] ts ues Kix Bama roan a ey (16) 


Fiir das rechte Glied kann man unter Beriicksichtigung von (7) und 
Galas) =O auch setzen 


ee Pe tk a Pe tong tg, )} = 40%? Cieppieree = (OMA) 


Daraus geht hervor 


4 Gpe=2e:(Pea t)"h). aarti eaertL 3) 


Man beweist leicht, ausgehend von (12), dass das rechte Glied dieser 
Gleichung alternierend in den Indizes 04 ist. Die Gleichung (9) kann 
also befriedigt werden und das Gleichungssystem (10, 11) hat eine 
eindeutig bestimmte Lésung. Setzt man (18) in (15) ein, so ergibt sich 
unter Beriicksichtigung von (8) 


L Ouray 22. |... (19) 


In Spinraum fiihren wir neben den gewdéhnlichen Grdéssen (erster 
Gattung) auch Grdssen zweiter Gattung') ein, die in bezug auf die 
komplexkonjugierten Koordinatentransformation definiert sind und ge- 
strichene Indizes bekommen. Zu jedem Affinor erster Gattung im 


Spinraum, z.B. Dey, gehért ein Affinor zweiter Gattung mit den komplex- 


1) Vgl. J. A. SCHOUTEN und D. J. STRUIK, Einfiihrung in die neueren Methoden der 
Differentialgeometrie, NOORDHOFF, Groningen, I, S. 8, (1935). 
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konjugierten Bestimmungszahlen, den wir mit demselben Kernbuchstaben, 


; yA : : 
aber iiberstrichen, bezeichnen, also P‘g. Daneben gibt es hermitesche 
Affinoren, die beide Arten von Indizes tragen. 


Im Falle, dass der Index von aj, gerade ist, existiert im Spinraum 


eine hermitesche Fundamentaltensordichte mga mit den Gewichten — + 


(erster Gattung) und —+ (zweiter Gattung), also eine WeEyLsche Dichte 
vom Gewicht — 4. Diese Tensordichte geniigt der Gleichung ') 


Oe, eo OFS CFS Cee eee aC? 
Durch kovariante Differentiation dieser Gleichung erhadlt man _ unter 
Beriicksichtigung von (9) 
(Vu 5a) 5) + fa Vin OZ; 9 - ~~ + (21) 
Ueberschiebung mit w? ergibt 


lu (OT Aaa ( be te) oe Bos, + Vu Ox, —4Vu O50 + (22 


Vu@ap ist also proportional zu wag. Aus (21) geht dann hervor, dass 
die kovariante Ableitung der Fundamentaltensordichte verschwindet: 


Die kovariante Differentiation im Spinraum ist also mit dem Prozess des 
Herauf- und Herunterziehens von Indizes kommutativ. 


§ 2. Vs; und Spinraum. 

Ein fiinfdimensionaler RIEMANNscher Raum kann immer als eine 
geodatische V; in einer V, aufgefasst werden. Die Gleichung der V; in 
der Vs sei €°=0. Die Koordinaten in der V; bezeichnen wir mit 


& (hi, j,k, lm—=1,...,5). Die &, & seien so gewahlt, dass fiir den 
Fundamentaltensor aj, (x,...,7=1,...,6) der Vg gilt 
Oeain=0, a= 0, agg 1. . . . . . (24) 


Der Fundamentaltensor der V; ist dann a;,. Die Komponenten des 
Fundamentaltensors a;,, sind also in bezug auf die bevorzugten Bezugs- 
systeme (&*, &°) unabhdngig von &. Es verschwinden infolgedessen 


6 PM ‘ 
und : woraus folgt, dass die V; in der V¢ geodatisch ist. 


wa “6 
Definieren wir nun die Verbindungsgrésse ah, in folgender. Weise 3) 
a = eee payee = — yak oe , . . * + + (25) 

1) Sp. LS. 182. 
2) Es ist zB. c=+1 fir die ee ++-+-+—— und c=~—1 far die Signatur 


Rey (aed 184. 
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so folgt mittels (7) und (24) 


ahA giC — _ hag 


Repti: Neneh pp ay a Ge eee (26) 


WO Zaz, fiir 7°,, steht. Die a’“, bilden die Diracschen Zahlen, die 
in der projektiven Feldtheorie auftreten. 


Wir werden jetzt eine kovariante Ableitung fiir Affinordichten im 
Spinraum ableiten, ausgehend von der Forderung 


Vi ane wes: * ; : ° . : : > ‘ (27) 


Im folgenden wird sich herausstellen, dass die Parameter A“3 durch 
diese Forderung eindeutig bestimmt sind. Daraus geht dann hervor, dass 


diese Parameter Ae mit den im vorigen Paragraphen abgeleiteten 
Parametern identisch sind, denn eine Uebertragung, die der Gleichung 
(9) geniigt, geniigt wegen (25) auch der Gleichung (27). (Die V5 ist in 
V6 geodatisch!). Insbesondere gilt auch fiir diese Uebertragung infolge 
(23) V;oas=0. 

Die Gleichung (27) lautet ausgeschrieben 


COE pants 
O=9, a'4, + Cae Ea Ate oh Ca Ay Gs ren gem (28) 


Nach (14) gilt fiir jedes P“3 die Identitat 
Pip = (—$ AHA PP) aA, +4 (a%, PP ala, +4 Piz % + (29) 
Es gilt also eine Gleichung von der Form 


= iA h ki]A 
pats Th aA, cee RS (30) 


Die Koeffizienten r*, und r*,, kénnen mit Hilfe von (29) berechnet 


werden. Sie bilden keine Affinoren. Die Gleichung (30) kann aber auch 
aus (12) erhalten werden. Es ist ndmlich 


(Opt a NO OO) Ve 0; Kee 
= Pa ha MeGeali gts aa P ad ep mee mL) 
= Pp, eng + py, 4, 


woraus in Verbindung mit (30) hervorgeht, dass r?,,, die folgende Form 
hat 


Pete as oie Boh cea ec ealnaoe) 

Nach (29) ist 
ri 20, op) oi Pa (33) 
Fj, = 4 Fh: — — 18 (0, Oa) i a eos) 
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Schreiben wir (auf Grunde von (29)) 


A — iA 
Ay, = af ce ag Sith 


Fs ee fy) 
so geht (28) iiber in 


(«i she i | ai + Bs qlhi] ey qlih] oe gh a ghil—o., (36) 


(die Indizes A,B... sind unterdriickt). Wegen (25) gilt aber 
qith — — qihl 1 J abl gi—ghil_Qaihal 4+ 2Qarlai. | . (37) 


Substitution in (36) ergibt einen Ausdruck, der linear in a‘ und al*4 ist. 
Da a’ und al linear unabhangig sind, verschwinden die Koeffizienten, 
d.h. es ist 


h 
dit Lift dealt. (hig te feel SGN 
rps 2S 0, 5 é A > * * a > (39) 


und aus diesen Gleichungen geht hervor 
(40) 


(41) 


(42) 


Fir Bezugssysteme, in bezug auf welche die Bestimmungszahlen von 
a'4, konstant sind, erhalt man die Gleichung ') 


: ae 
Age — a} italia. TI 2s 8s ae Pees (43) 


1) Vgl. J. A. SCHOUTEN, Dirac equations in general relativity. Journal of Math. and 
Phys., 10, S. 280 (1931). J. A. SCHOUTEN und D. vAN DANTZIG, Generelle Feldtheorie, 
Zs. fiir Physik 78, S. 661 (1932) und J. A. ScHOUTEN, La théorie projective de la 
relativité. Annales de l'Institut Henri Poincaré 5, S, 83 (1935). Die in diesen Arbeiten 


angegebene Formel fiir ys in bezug auf solche Bezugssysteme bei denen die «* oe 


nicht konstant sind, ist also unrichtig. Die weiteren Resultate dieser Arbeiten sind von 
diesem Fehler unabhangig. 


Botany. — Induction of polarity by geotropical stimulation in tomato plants 
lacking growth substance owing to being kept in the dark. By 
JE Oortwijn Boryes. (Communicated by Prof, J. C. ScHouTE) 


rs 


(Communicated at the meeting of January 29, 1938.) 


ZIMMERMAN and Hircucock (1) describe how tomato plants, as a result 
of being kept for about five days in the dark, lose the faculty of performing 
negative geotropic curvatures. With a continuation of the darkness the 
plants wilt and eventually die. In December the plants wilted after a 
period of from 5 to 7 days in the dark room, in summer 7—10 days were 
required for this. 

Z. and H. treated tomato plants, which after 4 days in the dark, had 
stood during 24 hours in a horizontal position, and which had not 
performed any upward curvatures, with growth paste (0.1 % indole- 
propionic acid) whilst in this horizontal position. If these plants were 
treated on the upper side, they bent downwards (resembling positive 
geotropism), whereas, if the growth substance was on the underside, they 
turned upward (as with negative geotropism). Z. and H. suggest that 
plants which, owing to lack of light, have lost their capacity to grow 
upwards, have lost all their natural hormones. (lc. p. 229). Since the result 
of their experiments can also be attributed to other changes in the plant, 
e.g. to the fact that the capacity to perceive geotropic stimuli has been lost, 
it seemed desirable to repeat their experiments and extend them. A first 
communication on the results obtained follows below. 


Material and method. 


For the following investigation series of tomato plants from 15—20 cm 
long, which had been grown in a hothouse, were used. These series, of 
which the plants of each series were fairly similar, differed greatly from 
one another in quality. As the season advanced — the experiments were 
carried out in the months of February, March, and April — the plants 
became stronger, and a longer period spent in the dark room was required 
to obtain the same effect from the darkness. 

The growth substance employed was a 1 % solution of indole acetic 
acid, and this was mixed with a similar quantity of lanoline according 
to Laibach. This growth substance was in all cases applied at the top 
of the plant over a length of about 114 cm. 


1) P. W. ZIMMERMAN and A. E. HITCHCOCK, Effect of light and dark on responses 
of plants to growth substances. Contributions from Boyce Thompson Institute, 8, 


217—231 (1936). 
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Is a lack of growth substance the cause of the absence of negative 
geotropic curvature in plants which have been kept in the dark ? 
To investigate this the following experiment was made: 


Experiment I: 

10 plants, which had already been in the dark room for 6 days, were 
there placed in a horizontal position. 

24 hours later not one of the plants had performed an upward curvature. 

6 of the plants were given growth substance on all sides at the top, the 
4 others not. 

24 hours later all the plants which had received growth substance had 
performed a negative geotropic curvature, the control plants, on the other 
hand, had remained straight. 

Lack of growth substance is therefore the cause of the absence of the 
curvature in these cases. Consequently a few days of darkness make 
tomato plants poor in growth substance. 


Is growth substance the only cause of the absence of negative geotropic 
curvatures. 
To investigate this the following experiment was made: 


Experiment ells 

10 plants were placed in the dark room, and after 4 days treated on 
all sides with growth substance at the top. 2 days later 1 plant had died. 
The other 9 plants were placed in a horizontal position. After 24 hours 
3 of the plants had performed a negative geotropic curvature, the other 
6 remained absolutely straight. These 6 plants still had a normal and 
vigorous appearance. Notwithstanding the presence of sufficient growth 
substance these plants, which had been for 6 days in the dark, did 
not bend. 

Lack of growth substance is therefore an important, but not the only, 
factor for the absence of negative geotropic curvatures. 


The analysis of the processes which play a part in negative geotropic 
curvatures. 


Experiment III: 

14 plants which had already been in the dark for 5 days, and 6 plants 
which had always been in the light, were placed in the dark room 
horizontally : (1st horizontal position). After 24 hours the latter 6 plants 
had all performed a very vigorous upward curvature; of the other plants 
13 remained uncurved in consequence of the preceding lack of light, only 
one plant had obtained a slight upward curvature. 

To investigate whether the perception capacity was still intact, the 13 
uncurved plants were turned 90° around their longitudinal axis (2nd 
horizontal position). 

5 of the plants did not obtain any growth substance, 4 plants were given 
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growth substance on all sides at the top, the 4 others only on one side, 
namely, on the new underside. After some hours 3 plants with unilaterally 
applied growth substance and 4 with growth substance on all sides were 
bent in the horizontal plane. They therefore perform the curvatures which 
are to be expected in the first horizontal position as upward negative 
geotropic curvatures. The manner in which the growth substance was 
applied, on all sides or on one side only, therefore had no influence on 
the direction of this curvature. Apparently in the first horizontal position 
a polarization of the plant, due to gravity, has taken place, causing a 
curvature when growth substance is administered later, 1) 

After the plants had been in their second horizontal position for 24 
hours, 4 of the 5 plants without growth substance had remained unbent, 
they were still vigorous and able to execute a curvature after treatment 
with growth substance. Only one plant was not suited for further experi- 
menting. The 7 above mentioned plants curved upwards, in addition to 
their lateral bending. The polarization due to gravity had therefore changed 
in accordance with the 2nd horizontal position, We see, then, that in the 
24 hours of the first horizontal position each of the plants which, owing 
to lack of growth substance, was not able to curve upwards, was able to 
perceive a geotropic stimulus and was polarized by it. The application of 
growth substance alone — no matter whether this were applied on one 
side or on all sides, and independently of the fact that the plants were 
already exposed to a new stimulus — was sufficient to cause the cur- 
vatures to occur exactly in accordance with the previous perception and 
polarization. 

In the second horizontal position it is not out of the question that the 
upward curvature of the 3 plants with one-sided growth substance may 
be a growth substance curvature; in the case of the 4 with growth sub- 
stance on all sides this is of course impossible. These latter 4 plants are 
therefore still able, notwithstanding their having been for 4 days + 19 hours 
in the dark, to perceive geotropically, and, as a result of the geotropic 
induction, are polarized in such a manner as to perform an upward curve 
with application of growth substance on all sides, 


Experiment IV: 


The conditions of the experiment were exactly like those of experiment III, 
The result, however, was somewhat different, owing to the constitution 
of these plants. 

10 plants, which had already been for 4 days in the dark room, were 
placed horizontally (1st horizontal position). After 19 hours none of them 
showed a curvature. All the plants were now turned 90° around their 
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1) Equivalent curvatures were obtained repeatedly after one-sided application of growth 
substance, even with plants which had stood without curving in the first horizontal 


position for 24 hours or ionger. 
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longitudinal axis (second horizontal position), whilst growth substance 
was applied to the top. 

Plants 1, 2, 3, 4, 5 were given this growth substance on all sides, plants 
6, 7, 8, 9, 10 on one side, viz. the new underside. 

After 5 hours plants 1, 2, 4, 7, 8 10 performed a curvature in the 
horizontal plane, the other plants remained absolutely uncurved. 19 hours 
later, that is after the plants had been in the second horizontal position 
for 24 hours, the difference between the plants with and without lateral 
bending was still distinctly visible. Only the plants with one-sided growth 
substance on the underside displayed an upward curvature; those with 
growth substance on all sides had, it is true, somewhat altered their 
position, but not in an upward direction. The perception capacity for 
gravity of plants 1, 2, 3, 4, 5 is therefore no longer present when growth 
substance is applied on all sides, so that in this case the 2nd horizontal 
position has no geotropic effect. It is a reasonable assumption that this is 
also the case with numbers 6, 7, 8, 9, 10, and that the upward curvature 
in these cases is a growth substance curvature. Plants 1, 2, 4, 7, 8, 10, 
which curved laterally after the application of growth substance, had still 
perceived the geotropic stimulus of the first horizontal position, but in 
the case of the other plants, thus with 6 and 9 also, which subsequently 
curved upwards, the perception capacity had already been lost. This 
experiment differs, therefore, in so far from experiment III that the plants 
in this case were less resistant, and had previously lost, in addition to 
their growth substance, their geotropic perception capacity also. Plants 3, 
5,6 and 9 did not even display any polarization owing to the Ist horizontal 
position. None of them was polarized in accordance with the 2nd horizontal 
position. 

Experiment IV shows that plants in the dark first lose their growth 
substance and then the perception capacity. When the perception capacity 
for geotropic stimuli has also been lost, the plant is however, still able 
to curve as a result of one-sided growth substance. 
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14 plants, which had been in the dark room for 6 days, were afterwards 
placed in a horizontal position (1st horizontal position). After 24 hours 
2 plants had curved slightly upwards and negatively geotropically, the 
other 12 remained uncurved. The experiment was continued with these 
12 plants only. 

The plants were now turned 90° around their longitudinal axis, without 
the addition of growth substance. After remaining 24 hours in this second 
horizontal position not one of these plants had performed a lateral or 
upward curvature. 4 plants, however, had begun to hang downward owing 
to their own weight, without being exactly limp. These plants were not 
used for further investigation. 

The 8 straight plants, which had therefore been 24 hours in the 1st 


165 


horizontal position, and then 24 hours in the 2nd _ horizontal position, 


were now treated on all sides with growth substance, and then placed 
in a vertical position. 5 hours later these had all curved, 2 


of these plants 
curved in the direction w 


hich was to be expected with a negative geotropic 
curvature in accordance with the first horizontal position. The 6 others 
had a direction of curvature which deviated less than 90° degrees from 
this. This deviation was due to the influence of the geotropic stimulus in 
the second horizontal position. 

Experiment V shows that the polarity of plants poor in growth substance 
may change owing to a second geotropic stimulus, without the addition 
of fresh growth substance. 

Experiment III, IV and V have shown that the plants may retain a 
polarity once acquired for a fairly long time, but that this, as a result 
of certain influences, finally undergoes a change. In the case of experi- 
ment V the cause of the change, of polarity must be ascribed to the 
reception of a new stimulus. Experiment II and IV showed that the 


capacity to be polarized is lost, owing to a prolonged action of the 
darkness. 


SUMMARY. 


The results obtained with this investigation prove the hypothesis of 
ZIMMERMAN and HItTcHcock that tomato plants lose their growth substance 
in the dark. 


1. Tomato plants which have been for several days in the dark are 
subject to lack of growth substance and can no longer perform geotropic 
curvatures, unless growth substance (indole acetic acid) is applied 
(experiment I). 


2. Plants which have not been too long in the dark can still perceive 
a geotropic stimulus (24 hours in a horizontal position). If the first gravit- 
ation stimulus be followed by a second (which differs by 90° from the 
first in regard to direction, owing to the plants having been turned in the 
horizontal plane around their longitudinal axis), the plants curve when 
growth substance is applied. 
a. only in the direction of the first stimulus (experiments IV and V). 
b. in a direction lying between that of the first and the second stimulus 
(experiment V). 
c. first in the direction of the first stimulus and then in a direction 
lying between that of the first and second stimulus (experiment III). 


3. Plants which have been kept in the dark undergo a change, owing 
to the geotropic stimulus, which causes them to curve when growth 
substance is applied. on 

This alteration of the stimulated part of the plant is a polarization, 
which in the presence of sufficient growth substance, causes an unequal 
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growth of the upper and underside, and therefore produces a curvature. 
The shoots are polarized by gravity, so that the manner of application 
of the growth substance on all sides or on one side for at least 5 hours 
is without effect on the direction of the curvature (experiment III). 

This polarization is maintained for a fairly long time, so that, even 
when growth substance is subsequently added, the same curvature is 
produced. 

With plants which remain in the dark the faculty of being polarized 
eventually disappears (experiment II). A second geotropic polarization, 
in the case of plants which have not yet lost their polarization capacity 
in the dark, is able to change the polarization obtained by the first stimulus 
(experiments III and V). 

For this alteration of the polarization no growth epee need be 
present. 

4. Tomato plants which, owing to the action of darkness, can no longer 
be polarized by a geotropic stimulus, can be caused to curve by the one- 
sided application of growth substance (experiment IV). | 


This investigation was carried out from Feb. to May 1937 in the 
Laboratory for Plant Physiology at Groningen under Prof. Dr. W. H. Arisz. 

I feel it incumbent upon me to express my especial thanks to Prof. Dr. 
W. H. Arisz for his aid and interest in this work. 

Groningen, 1937. 
Laboratory for Plant Physiology. 
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Botany. — A New Theory on the Correlative Inhibition of Lateral Buds 
and Shocts. By J. H. G. FERMAN. (Communicated by Prof. L. G. M. 
BAAS BECKING). 


(Communicated at the meeting of January 29, 1938.) 
§ 1. Introduction. 


The problem of the correlative inhibition of lateral buds and shoots was 
brought nearer to its solution by THIMANN and SkooG (1934), who showed 
that in this phenomenon the auxin, the phytohormone of cell elongation, 
was the correlation carrier. The auxin, produced in considerable amounts 
by the terminal bud and by the growing leaves and transported in basipetal 
direction, would inhibit the development of lateral buds and shoots in the 
intact plant. But readily the difficulty rose how to explain this growth 
inhibiting effect of auxin, which generally acts as a growth promoting 
substance. There are in the main three theories, which try to explain this 


phenomenon: 


1. The “direct” theory of THIMANN and Skooc (1934). 

According to this theory the auxin produced by the terminal bud when 
reaching the lateral buds prevents them to produce their own auxin, so that 
they cannot develop. Later this theory was modified by THIMANN (1937) in 
that way that it would be the high concentration of the auxin which inhibits 
the outgrowth of the lateral buds, these buds showing in their response to 
auxin an optimum curve fitting in between those of stems and of roots, 

Against this theory one can raise two strong objections: 1) from the 
experiments of THIMANN and SkooG (1934) themselves follows that the 
amount of auxin present in the undeveloped lateral buds is very low, (2) 
this theory cannot explain the so closely related phenomenon of the inhibition 
of lateral shoots, for it is very unlikely, that the auxin in these shoots would 
be transported in basipetal as well as in acropetal direction and even more 
that its concentration in the inhibited shoot would be higher than in the 


inhibiting shoot. 


2. The “indirect” theory of LAIBACH (1933) and of SNow (1932, 1937). 

According to these authors the auxin primarily would cause a growth 
process in the main stem and from this primary process a secondary 
influence would inhibit the lateral buds and shoots. In the opinion -of 


LaIBACH (1933) the stem swellings and cell divisions observed by him 
BE: 
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after application of (unphysiologically) high concentrations of auxin are 
an indication of this primary process. Since SNOW (1935), however, 
showed, that cambial divisions are caused or stimulated by auxin, his 
earlier assumption (1932), that the inhibiting influence might be exerted 
by the growing cambium, seems more probable. Later SNow (1937) 
indicated that this primary process not necessarily must be actual growth, 
as he found a strong bud inhibition in a monocotyledon, although there 
was of course no cambial growth and scarcely, if any, growth in thick- 
ness. SNOW assumes that this secondary influence must be due to a 
soluble substance or substances of some kind. 

A serious objection against this “‘indirect’’ theory is, however, that 
one has to assume that in the inhibition of one lateral shoot by another 
an inhibiting influence, or substance, from either shoot has to travel up- 
wards into the other one. Two identical factors then must be transported 
in opposite directions in one and the same organ, or even in the same cells. 
In this competition finally the factor coming from the fastest growing shoot 
will win. Since this seems very improbable, if not impossible, this 


,indirect”” theory does not give an adequate explanation of the pheno- 
menon. 


3. The “diversion” theory of WENT (1936). 


According to this theory, at least two factors are necessary for the 
elongation of the stem and the growth of axillary buds, besides the auxin. 
The first factor is mainly needed in cell elongation and is produced in the 
roots, the second one generally stimulates or causes leaf- and organ 
growth. The auxin would attract these two specific growth factors and 
shift their transport to the production center of the auxin. 

The existence of these specific growth factors, however, is proved by 
WENT as little as that of an inhibiting substance by SNow. From experi- 
ments by SCHWANITZ (1935), DosTAL (1936, 1936a) and WENT (1936), 
however, it appears that some factor necessary for bud- and shoot develop- 
ment is transported acropetally from the roots. The property of directing 
the transport of other specific growth factors, ascribed to auxin by this 
theory, does not seem very probable at the first sight. But apart from this, 
the theory of WENT fails to explain why no — or scarcely any — auxin 
is produced by the lateral buds in the intact plant, and why this auxin 
production immediately increases as soon as the terminal bud is elimi- 
nated. If the center of higher auxin production actually attracts the other 
specific growth factors, it must be explained first of all, why the auxin 
is produced in one case and not in the other. 


Since none of the present theories gives a satisfactory explanation of 
the phenomenon we decided to investigate more intensively and as quanti- 
tatively as possible the role of auxin in this correlative inhibition. A 
preliminary communication of some of the experiments is given here. 
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§ 2. Material and Methods. 


We used seedlings of Lupinus albus grown in the light. For the appli- 
cation of auxin to the plants we used aqueous solutions of pure synthetic 
hetero-auxin (indole-3-acetic acid). This preparation was obtained from 
Dr. FRAENKEL and Dr. LANDAU at Berlin-Oberschéneweide. We extracted 
the auxin from the plants by means of ether as described by VAN RAALTE 
(1937). The extracts were tested on Avena-coleoptiles under the standard 
conditions as described by WENT (1928), later improved by VAN DER WEI 
(1931). 


§ 3. Inhibition of lateral buds by application of hetero-auxin. 


First of all we examined, whether it was possible to inhibit markedly 
the development of the lateral buds of decapitated seedlings of Lupinus 
albus by the application of hetero-auxin. 

Four weeks old seedlings with an average of 8 expanded leaves were 
decapitated 20 mm above the first leaf from below, the second leaf being 
inserted about 2 or 3 mm above the first leaf. Over the cut surface small 
glass tubes of about the same diameter as the stem (15 mm in length and 
of a capacity of nearly 0,2 cm3) were adjusted and watertightly paraffined 
to the outside of the stem. The plants were divided into three series of 
16 plants each. Twice a day, at 14h and at 22h, the tubes were filled in 
two series with an aqueous solution of hetero-auxin in a concentration of 
respectively 5 in 10 and 1 in 106, and in one series with tap water. The liquids 
were absorbed regularly by the plants. After 8 and after 14 days the lengths 
of the developing buds in the first and in the second leaf axil were 
measured. As appears from table I and figure 1 the development of the 
axillary buds was inhibited weakly (for 20 per cent) by application of 
hetero-auxin 1 in 106, but the inhibition was very strong, though not com- 
plete, by application of hetero-auxin 5 in 106 (respectively 70 per cent 


TABLE I. Development of the buds in the axils of leaf 1 and leaf 2 of decapitated 
seedlings of Lupinus albus (14/9/36—28/9/36). 


Length in mm (average of 16 plants) 


after 8 days | after 14 days 


bud | and bud | and 
bud 2 bud | bud 2 bud 2 
together together 


At application twice a 
day via the main stem 
of nearly 0.2 cm? 


hetero-auxin 5 in 106 | 


hetero-auxin 1 in 106 | 8 | 10 | 18 | 32 | 49 | 81 


tap water | 11 | 11 | ae | 48 | 53 | 101 
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after 8, and 50 per cent after 14 days), both compared with the blank tap 


water series. 
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mm 


00 tap water 
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Fig. 1. Development of the buds in the axils of the first two leaves of 

decapitated seedlings of Lupinus albus at application twice a day of 

nearly 0,2 cm® of hetero-auxin 5 in 106, of hetero-auxin 1 in 10° and of 
tap water via the main stem (14/9/36—28/9/36). 


Is is obvious that the bud in the axil of the second leaf generally 
develops faster, than that in the axil of the first leaf, though the distance 
between both leaves is only very small and the second leaf is nearer 
to the center of inhibition. Arranging the buds according to the rate of 
their development the increase in length of the slower developing bud in 


TABLE II. Development of the axillary buds of the first two leaves of decapitated 
seedlings of Lupinus albus (14/9/36—28/9/36). 


SS 


Increase in length in mm (average of 16 plants) 


At application twice a first 8 days | next 6 days 
day via the main stem | —-—_____________ 
of nearly 0.2 cm3 slower | faster | ratio slower:] slower | faster | ratio slower : 
bud bud | : faster bud bud bud : faster bud 
—-qqqoKaaaaaaaqoyn! 1 
hetero-auxin 5 in 106 3 | 4 | 7:10° | 16 27 | » -6210 
| 
hetero-auxin 1 in 106 i 8 | 10 8:10 | 23 | 40 | 6:10 
nO teeetememmm inners jae rene eee een eee a ee 
tap water | 9 13 T-10 30 49 | 6:10 
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the first 8 days as well as in the following 6 days proves to be smaller 
than that of the faster developing bud (Table II and figure 2). This 
apparently is a case in which the faster bud inhibits the slower one. 


mm tap water 
100 


hetero-auxin 
Tin 10 


hetero-auxin 
5int0® 


Fig. 2. Development of the axillary buds of the first two leaves of 

decapitated seedlings of Lupinus albus at application twice a day 

of nearly 0,2 cm® of hetero-auxin 5 in 10%, of hetero-auxin 1 in 10® and 
of tap water via the main stem; 


(77i]] faster growing bud, gyggg slower growing bud (14/9/36—28/9/36). 
§ 4. Inhibition of lateral shoots by application of hetero-auxin. 


When cutting off in decapitated seedlings with developed axillary buds 
their fastest growing shoot 10 mm above its base and supplying an aqueous 
hetero-auxin solution to the cut surface, we can inhibit the growth of the 
other lateral shoot, if the concentration of the hetero-auxin is high enough. 
This experiment was as follows: 30 of such “two-shoot plants’ were 
divided into 3 series of mutually comparable plants; of all plants the longer 
shoot was cut off at 10 mm above its base and a small glass tube of a 
capacity of nearly 0,2 cm? was fixed to the stump with a rubber tube of 
10 mm in length. The glass tube was filled twice a day, at 9" and at 174, 
in two series with hetero-auxin solutions in a concentration of respectively 
1 in 105 and 1 in 106, and in one series with tap water. Every 3 or 4 days 


Ene 


the length of the remaining shorter shoot was measured from its base to 
the apical bud. From the results summarized in table HI and figure 3, 
it appears that the growth of the shorter shoot is inhibited (for about 
40 per cent) by the application of hetero-auxin 1 in 105, but application 


TABLE III. Growth of the shorter lateral shoot of decapitated seedlings of 
Lupinus albus (4/3/37 —22/3/37). 


At application twice a | Length of the longer Length in mm (average of 10 plants) 


day via the decapitated | lateral shoot before days after decapitation of the longer 
longer lateral shoot of | its decapitation, lateral shoot 

nearly 0.2 cm3 in mm 0 | 4 | 7 | 11 | 14 | 18 
hetero-auxin 1 in 105 | 13 4 | 5 | 5 7 8 9 
hetero-auxin 1 in 106 | iW | 5 7 | 8 13 16 22 
tap water | 13 | 4 | 6 8 12 16 23 


of hetero-auxin 1 in 106 does not show any difference with the growth 
when tap water is applied. 
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Fig. 3. Growth of the shorter lateral shoot of decapitated seedlings of 

Lupinus albus at application twice a day of nearly 0,2 cm? of 

hetero-auxin 1 in 10°, of hetero-auxin 1 in 10° and of tap water via the 
decapitated longer lateral shoot (4/3/37—20/3/37). 


§ 5. Auxin content of plants with inhibited lateral buds. 


Having succeeded experimentally in inhibiting the development of 
lateral buds and shoots by replacing the inhibiting organ by hetero-auxin 
solutions, it was of importance to investigate, which amount of auxin 
occurs in the various parts of these plants. To this purpose we used a 
series of 70 equal plants with an average of 6 expanded leaves, Of 10 of 
these plants 10 mm of the stem was taken: a) at the node of the second 
leaf-pair, b) below the node of the second leaf-pair, c) above the node 
of the first leaf-pair, and d) at this node, and extracted with ether. The 
extracts were tested the next day on Avena-coleoptiles on their amount 
of auxin. After another 2 days the remaining 60 plants were decapitated 
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above the second leaf-pair (15 mm above leaf 3), while the cotyledons 
and the first leaf-pair were taken away. In 40 plants small glass tubes 
were fixed to the cut end of the stem with a small rubber tube as in the 
experiment above. Twice a day a hetero-auxin solution 1 in 105 was 
supplied to 20 of these plants, to 20 other plants tap water. The remaining 
20 plants did not get anything at all. 8 and 9 days, respectively 14 and 16 
days after the decapitation 10 plants of each series were extracted with 
ether, exactly in the same way as we did with the intact plants mentioned 
above. These extracts were tested on Avena-coleoptiles the next day. 
At the same moment the length of both the developing buds in the axils 
of the first and second leaf-pair was measured. These buds were extracted 
together with the stem parts at the nodes of the leaf-pairs. In two cases 
only they were large enough to be extracted separately. The results of the 
measurements and the auxin contents — expressed in degrees curvature of 
the Avena-coleoptiles — are summarized in figure 4. 

From these data it appears in the first place, that the growth of the 
axillary buds at application of hetero-auxin 1 in 105 is extremely small. By 
supply of tap water, however, there is a marked development and the 
development is still stronger when no liquid is supplied at all. Parallel to 
this the auxin content appears to be rather high all over the length of the 
stem as well in the intact plant as in plants to which hetero-auxin 1 in 105 
was supplied. In plants supplied with tap water this content is lower and 
in the merely decapitated plants still less. From the fact that the auxin 
content is higher with supply of tap water than without any liquid can be 
concluded that the water supply has favoured the auxin production of the 
plant. It is striking that only the axillary buds of the first leaf-pair are 
developing, while those of the second leaf-pair do not show any develop- 
ment, unless tap water is supplied. 

The results obtained with hetero-auxin 1 in 105 seem to support the 
“direct” theory: at a high auxin content of the stem the development of 
the lateral buds appears to be inhibited. On the other hand, however, it 
appears from the plants to which no liquid was supplied, that in that 
series the development of the axillary buds is only little stronger than in the 
tap water series, though the auxin content in the first series was higher 
than in the latter. This fact indicates that the phenomenon is not mastered 
only by the direct effect of a too high auxin content of the stem. This is 
also obvious from the auxin extractions of “two-shoot plants”’. 


§ 6. Auxin content of plants with inhibited lateral shoots. 


In 9 plants of Lupinus albus, decapitated above the first leaf-pair, 
both axillary shoots had developed but widely differed in length. Pieces 
of these plants were extracted with ether: a) 10 mm of the base of the 
longer lateral shoot, b) 10 mm of the stem above a), c) 10 mm of the base 
of the shorter lateral shoot, d) 10 mm of the stem above c) inclusive the 


intact plant 
3 days before decapitation 


after decapitation 6days 
be ns y if tap water after decapitation 
1in 109 


14 days after decapitation 6days 
hetero - auxin tap water after decapitation 
1in10 


Fig. 4. Development of the axillary buds of the first two leaf-pairs and 

auxin content of the stem of decapitated seedlings of L upinus albus 

at application twice a day of nearly 0,2 cm? of hetero-auxin 1 in 10°, of 

tap water and without any application via the main stem, Plants decapitated 

above the second leaf-pair, first leaf-pair and cotyledons taken away 
(9/6/37—28/6/37). 


k75 


apical bud, e) 10 mm of the main stem between both lateral shoots and f) 
10 mm of the main stem below e), the average length of the stem from 
the base to the apical bud of the longer lateral shoot being 23 mm, of 
the shorter one 11 mm. The extracts were tested on Avena-coleoptiles on 
the same day. The results expressed in 
degrees curvature of the coleoptiles and 
calculated on 10 plants, are shown in figure 5, 
Linked up with the former is the following 
experiment with 12 ‘‘two-shoot plants” of 
Lupinus albus of an almost uniform habit. Of 
4 of these plants two successive stem parts 
of both lateral shoots of respectively 5 and 
10 mm and a part of the main stem between 
both shoots were extracted with ether: and 
the extracts were tested on Avena-coleoptiles 
: : on the next day. The average length of the 
two-shoot plant” (schematic- : 
ieee a sik, tem from base to the apical bud of the longer 
(20/4/37). lateral shoot was 24 mm, that of the 
shorter one 12 mm. The remaining plants 
were divided into two series of 4. In both series the longer shoot 
was cut off at 10mm above the insertion and in one series a smal] 
glass tube of a capacity of nearly 0,2 cm’ was fixed to the stump 
with a small rubber tubing. This glass tube was filled once a day with a 
hetero-auxin solution 1 in 105. After 3 and after 6 days the length of the 
shorter shoot was measured. From table IV it appears that here too the 
growth of the shorter shoot is inhibited strongly by the application of 
hetero-auxin via the decapitated longer shoot, as compared with the blank 
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Fig. 5. Auxin content of a 


controls. 


TABLE IV. Growth of the shorter lateral shoot of decapitated seedlings of 
Lupinus albus (4/5/37—10/5/37). 
TE 
Length in mm (average of 4 plants) 


Length of the longer 
lateral shoot before days after decapitation of the longer 
its decapitation, lateral shoot 


in mm 


3 | 6 

At application once 

a day via the deca- . 

pitated longer lateral 39 20 21 22 

shoot of nearly 0.2 

cm} hetero-auxin 1 
in 10° 

Longer shoot only 30 17 | 20 | 

decapitated 


23 


Subsequently two successive parts of 10 mm of the shorter shoot of 
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both series were extracted with ether and the extracts were tested on 
Avena-coleoptiles on the next day. The results of these and the earlier 
extractions, calculated on 10 plants, are shown in figure 6. 


intact plant 


6 days after decapitation of the 
longer lateral shoot 


hetero-auxin 


Fig. 6. Auxin content of the shorter lateral shoot of ‘‘two-shoot plants” of 

Lupinus albus; intact plant, application once a day via the decapitated 

longer lateral shoot of nearly 0,2 cm? hetero-auxin 1 in 105, and longer 
lateral shoot only decapitated (4/5/37—10/5/37). 


§ 7. Discussion of the Results. 


From both mentioned experiments with ‘‘two-shoot plants” we may 
conclude that no auxin is transported from the faster growing shoot into 
the slower growing one, neither in the intact plant, nor at artificial 
(hetero-) auxin supply via the decapitated longer shoot. The auxin content 
in the inhibited shoot is obviously lower than in the inhibiting one. This 
excludes a direct action of auxin by a too high concentration. On the 
contrary, one may rather consider the auxin content in the inhibited shoot 
as too low, compared with that of normally growing shoots. From this 
point of view assuming that under normal conditions the inhibition of the 
growth of aerial parts — especially of lateral buds and shoots — is to be 
ascribed to lack of auxin, it remains to explain why the “inhibited” lateral 
bud or shoot is unable to produce auxin to a sufficient extent, The experi- 
ments by SkooG (1937) with deseeded Avena-coleoptiles offer a possi- 
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bility of an explanation. His experiments plainly show that the production 
of auxin is dependent on a “precursor” which is moved acropetally to the 
tip of the coleoptile. Further it appears also from the experiments of 
SCHWANITZ (1935), DosTAL (1936, 1936a) and WENT (1936) that in pea 
seedlings, rhizomes of Lathyrus and Agropyrum, and tubers of Scrophularia 
nodosa a substance, or substances, needed for the growth of shoots is 
transported in acropetal direction. 

The correlative inhibition of lateral buds and shoots can be explained 
then in a simple and plausible way by means of the following two 
hypotheses. Firstly the assumption that in all these cases a substance, or 
substances, are involved which are needed in the production of auxin 
and which we according to Skoo0G call the auxin-precursor, Secondly this 
precursor must be transported acropetally and particularly to the spots 
where the auxin production is intensive, viz. where the precursor is quickly 
converted into auxin. 

During the first developmental Stages of the young seedling the 
precursor will be transported from the cotyledons acropetally to the 
terminal bud and converted there into auxin. Subsequently this center of 
auxin production will attract the precursor at an increasing rate. Conse- 
quently the terminal bud and the young unfolding leaves, allready preformed 
in that bud, are supplied with precursor. The dormant, hardly developed 
axillary buds, however, remain deprived from precursor and therefore 
cannot produce auxin. Since without auxin no growth, they cannot grow out. 

If the terminal bud is taken away the “attraction” of the precursor stops. 
The latter merely will accumulate at the apical cut surface and also the 
young axillary buds will get a part of it. They will convert it into auxin 
and consequently develop. 

If one of the two developing axillary buds of the same leaf-pair for 
some reason — e.g. by its slightly higher insertion on the stem (see 
table I) — gets a little more of the precursor than the other, it will also 
produce more auxin. The more intensive production of auxin by one of 
the lateral buds subsequently will attract more of the precursor than the 
slower auxin production by the other bud. The “inhibition” exerted by 
one lateral shoot on the other or by the terminal shoot on the axillary 
buds or lateral shoots below thus is explained by the distribution of the 
precursor: the “inhibiting” shoot attracts the available precursor and 
deprives more or less the “‘inhibited”’ lateral bud or shoot from it. 

A careful survey of the older literature on this subject, which will be 
discussed more extensively in a later paper, teaches that all former 
experiments can be readily explained by means of this theory. It leaves no 
controversies and improbabilities and agrees well with the theses: a) the 
growth of the aerial parts is — within certain limits — proportional to 
the amount of available auxin and b) the transport of auxin is strictly 
basipetal. The remaining difficulty is how to vizualize the “attraction” 
of the precursor by the auxin. 
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In his survey on “The translocation of solutes in plants’ CuRTIS (1935) 
mentions the probability that any treatment that starts the activity of a 
group of cells in a shoot meristem may also initiate the streaming 
activity of the conducting cells leading to this particular region, thus 
establishing an active conductive system connecting the meristem tissue 
with a supply of necessary solutes. The supply of the these solutes to the 
particular tissue enables it to continue its activity and thus also to continue 
its connection with the source of supply. 

It does not seem unlikely that in our case the auxin is the activator 
which effects the attraction of the auxin-precursor together with that of 
other soluble substances. 

When applying the new theory on the experiments in which artificially 
(hetero-)auxin was supplied to decapitated plants, there is little evidence 
that also in that case the precursor is attracted to the place of this (hetero-) 
auxin supply. If this would be true the precursor would have to accumulate 
also — even to a higher degree than in merely decapitated plants — at 
the apical cut surface, which had to result in a development of the lateral 
buds immediately below that surface. Since these do not develop, it seems 
a more probable assumption that the supply of (hetero-)auxin through 
the entire diameter of the stem almost prevents or seriously hampers, 
already in the basal parts of the stem, the upward movement of the 
precursor in its tracks of transport. A complete blocking up of the transport 
of the precursor seems not to occur, since I did not succeed in completely 
suppressing the growth of the axillary buds. Even at (hetero-)auxin 
concentrations which were considerably higher than those produced by the 
intact plant still some development occurred. 

The exclusive development of the axillary buds of the first leaf-pair in 
almost all cases (see experiment represented by figure 4), can be explained 
as follows. In the series with hetero-auxin 1 in 105 supply the transport 
of the precursor in the upper part of the stem is blocked up. In the series 
without any supply of liquid the axillary buds of both leaf-pairs will get 
about the same amount of precursor in the beginning. As soon as they 
start to develop the buds of the first leaf-pair, however, will attract all of 
the precursor. The axillary buds of the higher leaf-pair will remain 
deprived from precursor since by the longer distance their attraction power 
is smaller. The supply of water probably promotes the upward transport 
of the precursor. Consequently the axillary buds of the second leaf-pair 
develop stronger than in the two other series and the auxin content in the 
stem is higher as compared to the series without water supply. 

Le Fanu (1936) obtained a marked inhibition of the growth of the 
fifth internode of young pea seedlings by inserting lanolin paste containing 
1 in 104 hetero-auxin in a longitudinal split of the fourth internode of 
the stem. This can be readily explained by assuming that here too the 
upward transport of the precursor was blocked by the high concentration 
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of the hetero-auxin, Accordingly the buds in the axils of the leaves 2 and 
3 did grow out, 


SUMMARY. 


Seedlings of Lupinus albus were decapitated above the first leaf-pair 
from below. The growth of the axillary buds of the first leaf-pair distinctly 
was inhibited by the application of aqueous solutions of hetero-auxin 
5 in 106 and 1 in 106 through the cut surface as compared to plants to 
which tap water was administered. 

Usually one of the two buds, as a rule the most apically inserted one, 
developed at a quicker rate than the other one. The inhibition effected by 
one of the lateral shoots upon the other one could be imitated by the supply 
of a hetero-auxin 1 in 105 solution via the decapitated longer lateral shoot. 

The auxin content in three sets of plants decapitated above the second 
pair of leaves has been determined a) after application of a hetero-auxin 
1 in 105 solution, b) after the supply of tap water and c) without any 
supply of liquid. It turned out that the growth of the axillary buds is 
slower at a higher auxin content of the stem. 

In plants with two developing axillary shoots the auxin content of the 
longer shoot proved to surpass that of the shorter shoot. When the tip 
of the longer shoot was replaced by the supply of a hetero-auxin 1 in 105 
solution, the auxin content of the shorter shoot proved to be lower, than 
when the longer shoot was merely decapitated. 

A new theory was based on these experiments to explain the correlative 
inhibition of lateral buds and shoots. The production of auxin is assumed 
to depend upon the supply of a precursor transported acropetally and 
chiefly attracted to those spots where auxin is most intensively pro- 
duced. Consequently those parts, which received a little more of the 
precursor than the other organs in the beginning, by their originally higher 
production of auxin, will continue to receive more of the precursor. Other 
organs, such as young, hardly developed axillary buds, remain deprived 
from the precursor and therefore dormant, since they cannot produce 
auxin and consequently cannot grow out. In the same way also the 
“inhibition” of lateral shoots can be explained by a too deficient supply 


with the precursor. 


Utrecht, January 15th, 1938. 
Botanical Laboratory 


of the State University, Utrecht. 
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Anatomy. — Verdopplung der Frontzahne. Von TH. E. DE JONGE-CoHEN. 
(Communicated by Prof. M. W. WOERDEMAN. ) 


(Communicated at the meeting of January 29, 1938.) 


Das Problem der Zahnverdopplung hat in der Literatur zu mancher 
Controverse Anlass gegeben : dies gilt namentlich fiir die premaxillaren 
Gebisselemente, bei welchen zahlreiche casuistische Mitteilungen — bis 
zum heutigen Tage — eine ungeniigende Einsicht in die Entstehungsweise 
der Difformitat verraten. 

In diesem Lichte betrachtet moge es daher verstandlich sein, dass wir, 
auch in Zusammenhang mit den recenten Mitteilungen von WeskI (1), 
HERBST (2 und 3) und anderen, glaubten, mit ausfiihrlicherem Studium 
dieses Themas keine iiberfliissige Arbeit zu leisten. Indem wir hiermit 
unserer eindgiiltigen Veréffentlichung vorgreifen, gibt uns die dusserst 
seltene Beobachtung eines Falles von Eckzahnverdopplung den will- 
kommenen Anlass, diesem Gegenstand einige Worte zu widmen. Dabei 
wollen wir uns hauptsachlich auf Beschreibung und Abbildung unserer 
Palle beschranken — nur einige theoretische Betrachtungen zur Einleitung. 


* * 
* 


Im voraus sei bemerkt, dass nicht alle iiberzahligen Vorderzahne das 
Substrat einer Verdopplung darstellen: wir kennen den gew6hnlich in Hohe 
der Medianflache — nicht selten bilateral — durchbrechenden mesiodens, 
nach Buscu [4 1)] und HErRBsT eine fissurale Dysmorphie, von BoLK (5, 
6 und 7) als die Manifestation des dritten incisivus der Urprimaten 
interpretiert, Seine rudimentare Kronenstructur stellt einen scharfen Con- 
trast mit der der echten Zwillinge dar, die — ab origine ja Derivat ein und 
desselben Keimes — sich auch in erwachsenem Zustande durch den rein 
incisiviformen Bau ihrer Kronen kennzeichnen. Wenn man auch daneben 
nicht aus dem Auge verlieren darf, dass ihre Formdifferenzierung ebenso 
sehr von der in nuce vorhandenen Teilungstendenz abhangig ist: neben 
der Entwicklung zu zwei vollkommen selbstandigen Gebisselementen ken- 
nen wir Uebergangsformen in mancherlei Gradationen, welche — weniger 
propulsiv entwickelt — die Erinnerung an beschranktere Spaltungspotenz 
fixiert halten. Sie haben den Weg gleichsam nicht ganz zuriickgelegt, son- 
dern sind mittendrin stecken geblieben und bilden gewissermassen Zwi- 
schenstationen, welche als solche erheblich dazu beigetragen haben, unsern 
Einblick in den ganzen Entwicklungsmechanismus zu scharfen. 


4) Op: cit. S7456. 
Proceedings Royal Netherlands Acad. Amsterdam, Vol. XLI, 1938. 12 
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Namentlich finden wir sie bei dem medialen Schneidezahn, wo die 
Neigung zur Verdopplung nun einmal nicht so prononciert zu sein 
scheint wie bei seinem lateralen Synergeten. 

Zur Vervollstandigung wollen wir mit der Bemerkung schlieszen, dass 
auch Synodontie — gleichfalls vorzugsweise bei den Frontzahnen — zur 
Bildung sogenannter Zwillingszahne Anlass geben kann, welche morpho- 
tisch vollig, genetisch keineswegs mit den Fallen echter Zahnverdopplung 
identisch sind: nur in parenthesi erinnern wir daran, dass wir auch bei 
Fingerverdopplung und Syndactylie analoge Isomorphie antreffen! 


* * 
* 


Bei der Erlauterung unserer Falle wollen wir von den seitlichen Schneide- 
zahnen in Abb. 11), Fall bilateraler Spaltungstendenz, ausgehen, welcher 
ausserdem ad oculos demonstriert, wie wir uns die formale Genesis der 
dentalen gemini vorstellen miissen: die Einschniirung links — BOLK’s 
schizogene Variation — stellt eine Formphase dar, woraus sich gleichsam 
automatisch der Zustand auf der andern Seite der Medianlinie ableiten 
lasst. 


Auch in den nachsten Abbildungen (2, 3 und 4) sehen wir zwei auf- 
einanderfolgende Entwicklungsstadia auf instruktive Weise dargestellt: 
wahrend auf dem centralen incisivus links von Abbildung 2 ein mit dem 
blossen Auge kaum wahrnehmbare sulcus sich in der Mitte der oralen 
Kronenflache verliert, ist rechts — wo sich eine tiefe Incisur ununter- 
brochen bis zu gingival verfolgen laszt — der manifeste Ausdruck pro- 
gredienterer Spaltungspotenz unverkennbar. Die mittleren Segmente beider 
Kronen jedoch stehen durchaus in Entwicklung hinter den beiden lateralen 
zuriick 2). 


Auffallender noch in diesem Zusammenhang sind die zwei nachsten 
Abbildungen: wahrend in Abbildung 3 der erste Schneidezahn rechts 
héchstens durch seine etwas langgestreckte Form auffallt, hat sich bei 
der Krone seines linken Namensvetters die mediale Zone scharf von einer 
breiteren distalen abgegrenzt. Dass die Verdopplungstendenz beider hier 
ausserdem von der Reduction ihrer lateralen Synergeten und Agenesie der 
vier zweiten premolares begleitet wird, finden wir zum Ueberfluss noch in 
den Réntgenogrammen bestatigt. 


Auch in Abb. 4 — wir verdanken diesen casus der freundlichen 
Bereitwilligkeit Herrn Dr. ARNO MOELLER’s, der ihn an anderer Stelle 


1) Entliehen an BOLK's Veréffentlichung iiber den gleichen Gegenstand: ibidem Seite 
209, Abb. 33. 

?) Neuerdings hat VOLLRATH in der Deutschen zahnarztlichen Wochenschrift einen 
fast identischen Fall bekannt gegeben (v.d. Jahrgang XL, Abl. 50, 1937). 


TH ESDE JONGE-COHEN: VERDOPPLU 


NG DER FRONTZAHNE. 


Abb. 2 


Abb. 3 Abb. 6 


Abb. 4 


Proceedings Royal Netherlands Acad, Amsterdam, Vol. XLI, 1938. 


Abb. 5 


Abb. 7 Abb. 8 
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bereits selber beschrieb und abbildete (8) — sehen wir die Verdopp- 
_ lung des mittleren Schneidezahnes links gewissermassen durch die partielle 
Teilung seines rechten Nachbarn eingeleitet, dessen schmales mediales 
Kronensegment zu dem bedeutend breiteren distalen in scharfem Contrast 
steht. 


Sodann betreffen Abb. 5 u, 6 Falle bimaxillarer Verdopplung des late- 
ralen incisivus. Dabei méchten wir besonders die Aufmerksamkeit auf die 
letztere der beiden Abbildungen lenken, weil hier alle Frontzahne, sowohl 
im Ober- als Unterkiefer, auffallend regelmassig inplantiert stehen. 


Dasselbe gilt fiir Abb. 7, Beispiel bilateral-aqualer gemini desselben 
Elementes im lactealen Gebiss. 


Wir schliessen unsere Beispiele mit der Abbildung des Oberkiefers, 
bei welchem der Durchbruch von zwei rechten Milchcuspidati jeden Zweifel 
iiber die Méglichkeit von Eckzahnverdopplung ipso facto und mit einem 
Schlag beseitigt. Beide sind von normaler Gestalt, fiir beide liegt ausserdem 
bereits der bleibende Nachfolger im Kiefer fertig. Fiir heute begniigen 
wir uns mit der Abbildung ihres Gipsabgusses — auf die besondere 
Bedeutung von dies und jenem beabsichtigen wir, in unserer endgiiltigen 
Ver6ffentlichung iiber denselben Gegenstand ausfiihrlicher zuriick- 
zukommen ! 


ZUSAMMENFASSUNG. 


Im Anschlusz an einige Beispiele von Verdopplung der Schneidezahne 
— odontoschizis partialis bzw. totalis — bitten wir um Aufmerksamkeit 
fiir einen Fall von Verdopplung des cuspidatus in der Milchdentition und 
im bleibenden Gebisz (vorlaufige Mitteilung). 


SUMMARY. 
Referring to some examples of the doubling of the incisors — odonto- 
schizis partialis resp. totalis — the attention is invited for a case of 


doubling of the canine in temporary and permanent dentition (preliminary 


information). 


RESUME. 

Pour faire suite 4 une série d’exemples de dédoublement des incisives — 

odontoschizis partialis resp. totalis — nous appellons votre attention sur 

un cas de dédoublement de canine dans la dentition temporaire et perma- 
nente (communication provisoire). 


Laboratorium fiir Anatomie und Embryologie 
der Universitat Amsterdam. 
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Paleontology. — Ein neuer Pithe canthropus-~Schadel. Von 
G. H. R. von KoENnIGSWALD, (Communicated by Prof. L. RUTTEN.) 


(Communicated at the meeting of January 29, 1938.) 


Ueber das kritische Stadium, in dem sich die Diskussion iiber die Natur 
desePithecanthrop us —= Hominide oder Simiide — bei der starken 
Gegensatzlichkeit der vertretenen Anschauungen im Augenblick befindet, 
k6énnen uns nur neue, vollstandigere Funde hinweghelfen. Erst kiirzlich 
konnte der Verfasser einen wohl sehr primitiven, aber sicher einem 
Hominiden angehérenden Unterkiefer aus den Trinilschichten Mitteljavas 
beschreiben, dener zu Pithecanthro pus stellte, An der Zugehérig- 
keit dieses Kiefers zu diesem kann, streng genommen, immer noch gezweifelt 
werden, solange nicht auch an einem vollstandigeren Pithecanthro- 
pus~-Schadel der Hominidencharakter eindeutig nachgewiesen werden 
kann. Es ist nun ein ganz besonderer Zufall, dass solch ein Schadel in der 
Zwischenzeit gefunden worden ist, worauf bei der Besprechung des Unter- 
kieferfragments bereits mit einigen Worten eingegangen werden konnte. 
Die folgende, mehr allgemein gehaltene Betrachtung des neuen Schiadel- 
fundes soll einer eingehenden Beschreibung nur insofern vorgreifen, als 
einige fiir die Beurteilung des Pithecanthropus prinzipiell wichtige 
Details herausgegriffen und dargelegt werden sollen. 

Der neue Pithecanthropus- Schadel fand sich, ebenso wie das 
schon friiher beschriebene Unterkieferfragment, im Gebiete der Kuppel von 
Sangiran nérdlich von Solo, wo ich schon seit Anfang 1935 mit eingehen- 
den Studien beschaftigt bin. Einer meiner Sammler sandte mir erst kiirzlich 
von dort u.a. ein stark fossilisiertes Stiick eines auffallig dicken primitiven 
menschlichen Schadels. Da die Briiche frisch waren, begab ich mich direkt 
ins Gelande, und am 13. August 1937 gelang es mir, den gréssten Teil des 
leider recht zerbrochenen Schadels persénlich zu bergen. Die genaue Fund- 
stelle liegt in den tiefsten Trinil-Schichten, noch nicht 1 km siidéstlich von 
Kampong Bapang im siidéstlichen Sektor der Kuppel. Es zeigte sich, dass 
der ausgespiilte und sicherlich kaum transportierte Schadel nur wenig iiber 
dem in der Trockenzeit tiefliegenden Wasserspiegel des Tjemoro-Baches 
gefunden worden war; beim nachsten Hochwasser ware er sicher verloren 
gegangen. Ungliicklicherweise zerbrach mein Sammler, der die Natur 
des Fundes nicht erkannte, das wichtige Fossil, aber er war immerhin klug 
genug, mir ein Bruchstiick zu senden. Der Reste lag kurze Zeit frei umher. 
Neue Bruchstiicke wurden von der schlauen Bevélkerung gebracht, als ich 
an der Umgebung der Fundstelle griindlich sammeln liess, und fir jedes 


Fragment eine gute Belohnung gab. 
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Die Trinil-Schichten der Umgebung von Sangiran sind nicht sehr reich 
an Fossilien. Durch sehr ausgestreckte natiirliche Aufschliisse werden bei 
der starken tropischen Verwitterung wohl immer wieder Fossilien ausge- 
spilt, aber Grabungen liefern beinahe kein Material, und auch in unserem 
Falle kann leider nicht zu einer Grabung angeraten werden, so dass das 
Auffinden etwaiger weiterer Reste dem Zufall iiberlassen werden muss. 

Vom Schadel fanden sich im Ganzen dreissig zusammengehérige Frag- 
mente. Es ist relativ wenig verloren gegangen, am meisten noch vom 
rechten Hinterrand und von der rechten Halfte des Frontale. Nach den 
noch mit Sand bedeckten Schleifspuren auf der Unterseite zu urteilen war 
der Schadel bereits ohne Basis und wohl auch ohne Gesichtsteil eingebettet 
worden. Erhalten ist also hauptsachlich das Schadeldach. Vorne ist es 
wenigstens links bis zum Vorderrande des Ueberaugenwulstes vollstandig. 
Nach der Mitte zu ist die Oberseite des Knochens zerstért, wohl in Folge 
des Aufbrechens der darunter befindlichen Stirnhéhlen, von denen nichts 
mehr erhalten ist; auf der Unterseite ist das Frontale aber genau bis zur 
Mittellinie bewahrt geblieben. Hinten ist der Schadel in der ganzen Breite 
erhalten; in der Mitte ist der Hinterrand des Foramen magnum noch eben 
zu erkennen, Die Temporalia sind auf beiden Seiten bewahrt geblieben, 
links vollstandiger und mit einem kleinen Stiick des Zygomaticus. Von 
Schadelnahten ist, abgesehen an den Temporalschuppen, nichts mehr zu 
erkennen; der Schadel muss also einem véllig erwachsenen Exemplare 
angehért haben. Die Bruchstiicke passten bei den meist scharfen Briichen 
und der Dicke des Knochens noch ausgezeichnet zusammen, so dass nur 
sehr wenig erganzt werden musste und iiber die urspriingliche Form des 
, Schadels kein Zweifel bestehen kann. Ich méchte an dieser Stelle Herrn 
_ W. J. BoRMANN fiir die vorziigliche, mit grosser Sorgfalt und Gewissen- 
haftigkeit ausgefiihrte Praparation danken. 

Zwischen dem neuen Schadel und dem Schadeldach von Trinil besteht, 
wie ein Blick auf die Abbildungen zeigt, eine véllige Uebereinstimmung. 
Beide Schadel zeigen den gleichen schweren Bau der Supraorbitalregion, 
dasselbe flache Stirnprofil, — und, was fir die Beurteilung besonders 
wichtig ist, die gleiche geringe Kalottenhéhe — und eine véllig gleichartige 
Abknickung des Occipitale. Auch die starke postorbitale Einschniirung 
fehlt unsern Schadel nicht, selbst die eigenartige Protuberanz an der oberen 
Grenze des Frontale im Bregmapunkt finden wir wieder. Diese stellt somit 
keineswegs eine pathologische Erscheinung dar, wie SCHWALBE und 
WERTH glaubten annehmen zu diirfen, sondern ist typisch. Auf der 
Schadelinnenseite erkennt man an dieser Stelle eine Vorwélbung, und man 
erhalt ganz den Eindruck, als sei das Wachstum des Schadels cher abge- 
schlossen gewesen als das des Gehirns, und dieses habe sich daher an 
dieser Stelle, — an der wir entsprechend den Verhaltnissen beim rezenten 
Menschen urspriinglich eine Fontanelle voraussetzen diirfen — noch so 
weit wie mdglich vorgeschoben. Funktionell diirfte die Protuberanz wohl 
kaum irgendeine Bedeutung haben, ietobel ates oe : 
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Es kann kein Zweifel bestehen, dass unser Schadel zur gleichen Species 
gerechnet werden muss wie der Schadel von Trinil d.h. Zit Pi t.h.e.c- 


anthropus. Einige wichtige Masse der beiden Schadel zeigt die 
untenstehende Tabelle: 


TABELLE I. 


Langen- und Breitenmasse : 


Trinil. Bapang. 

Grésste Hirnschadellange . . . . Dawcan 183 ca. 180 

W. ca. 184 
Grésste Hirnschadelbreite . . . . , D. 133 

W. ca. 134 140 

Ke ican145 
Langenbreiten-Index .. . . . . . . D. 72.68 

W. 72.83 77.78 

K. 78.80 
Postorbitale Einschniirung. . . . . ican en ol ca. 83 
RAMPeBnOhe eGo D. 62 ca. 62 
Innere Hirnschadellange (links) . . . A. 154.5 148 
Innere Hirnschadelbreite . . . . . A. 126 121 
Innerer Langenbreiten-Index . . . . TAAL) 81.76 
Ausseninnenlangen-Index . . . . . 83.97 ca: 82222 


(D.=DuBols; W.= WEINERT; K.=vON KOENIGSWALD; A.=AusGuss: ca. =erganzt). 


Vergleichen wir zunachst die beiden Hirnschadelausgiisse, so erweist 
sich der neue Schadel als kiirzer und schmaler. Auch in der Ausseren 
Hirnschadellange von héchstens 180 mm bleibt er hinter diesem zuriick, 
dagegen macht er den Eindruck breiter zu sein. Dies ist aber nur scheinbar, 
da an der Kalotte von Trinil die breiteste Stelle nicht erhalten ist. Diese 
liegt naémlich nicht da, wo der Hirnausguss die gréstte Breite zeigt, sondern 
tiefer, nahe dem Hinterrand des Temporale in der direkten Verlangerung 
des Zygomaticus. Der Knochen ist hier ca, 12 mm dick. Da der Trinil- 
schadel hinten stark verwittert ist, kommt man leicht dazu, die Starke des 
Torus occipitalis und damit auch des Aussenwerkes zu unterschatzen, Die 
Differenz zwischen der gréssten Hirnschadelbreite aussen und innen be- 
tragt in unserm Falle 19 mm. Setzt man den gleichen Betrag bei der 
Kalotte von Trinil an, so erhalt man bei dieser eine grésste Breite von 
145 mm, und nur wenig mehr, wenn man bei beiden den gleichen Aussen- 
innenbreiten-Index von 86,42 annimmt. Dabei diirfte der letztere, der robus- 
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ter ist als der unsrige, eher ein entsprechend kraftigeres Aussenwerk 
besessen haben, so dass der oben errechnete Wert der gréssten Breite das 
Minimum darstellen wiirde. 

In Fig. I ist der Schadel von der vollstandiger erhaltenen linken 
Seite zu sehen, auf welcher nur der Anschluss des Frontale an das 
Parietale aufgefiillt ist. Diese Bruchflache ist scheinbar alter und auch 
angewittert, doch zeigen beide Knochen noch weiter oben ihren natiir- 
lichen Zusammenhang. Die abgeknickte Unterschuppe des Occipitale ist 
durch entsprechende Beleuchtung von unten im Photo etwas herausgeholt. 
Wie man erkennt, ist der Torus deutlich ausgepragt. Er ist jedenfalls deut- 
licher als bei Sinanthropus, bei dem er iibrigens ganz die gleiche 
Position hat, im Gegensatz zu den Anthromorphen, bei denen er mehr 
schrag nach hinten ansteigt und ausserdem viel iibertriebener und scharfer 
ausgebildet ist. Vorne ist die dickste Stelle des machtigen supraorbitalen 
Wulstes in der Horizontalen gemessen noch ca. 30 mm. 

In Fig. II ist der Schadel von oben dargestellt. Der fehlende Teil des 

| Frontale ist vorlaufig mit Plastilin erganzt; da der Knochen unten bis zur 
Mittellinie vollstandig ist, kann an der urspriinglichen Breite kein Zweifel 
bestehen. Der Schadel zeigt von oben gesehen einen eigenartigen, man 
kann fast sagen ,,tropfenfoérmigen’ Umriss, da er hinten durch die Dicke 
des Temporalknochens mit dem Aussenwerk iibertrieben breit erscheint, 
wahrend er nach vorne zu schnell an Breite verliert und durch eine starke 
postorbitale Enge auffallig eingeschniirt wird. Die Temporallinien sind 
deutlich zu erkennen und relativ hoch am Schadel hinaufziehend. An der 
schmalsten Stelle bleiben sie noch ca. 60 mm von einander entfernt. 

Der wichtigste Teil fiir die Beurteilung der Natur des Pithecan- 
thropus ist wohl die Temporalregion. Hier fallt direkt eine zwar wenig, 
aber deutlich vertiefte Fossa mandibularis mit vorgelagertem Tuber mandi- 
bulare auf, — Verhaltnisse, wie wir sie nur beim Menschen und bei keinem 
anderen Anthropoiden finden. Dieses Merkmal allein kénnte also schon 
geniigen um nach zu weisen, dass der Pithecanthropus nur ein 
Hominide gewesen sein kann! 

Da eine flache Fossa mandibularis sich sowohl bei Anthropoiden mit 
schwachen wie mit starken Mandibeln findet, kann das Gewicht des Kiefers 
keinen Einfluss auf ihre Ausgestaltung haben. Es liegt vielmehr nahe, die 
eingetiefte Fossa der Hominiden funktionell mit der Entwicklung der 
Sprache in Zusammenhang zu bringen, da hier der Kiefer bei den anders- 
artigen Bewegungen beim Sprechen ein mehr exakt gebautes Widerlager 
nétig hat. Man glaubt auch beim Hirnausguss der Trinilkalotte aus einer 
relativ deutlichen BROCASCHEN-Winding auf Anfange eines Sprachver- 
mégens schliessen zu kénnen; was der Ausguss unseres Schadels in diesem 
Punkte zeigen wird, muss die Untersuchung noch ausweisen. 

Der etwa kreisrunde, grosse, Meatus externus liegt bei unserm Schadel 
unter der Verlangerung des Zygomaticus, ganz wie wir es beim Menschen 
beobachten kénnen. Bei erwachsenen Anthropoiden findet sich die 


Gatiak= VON KOENIGSWALD: Ein NEVER PITHECANTHROPUS-SCHADEL. 


Fig. II. Der Schadel von oben gesehen (ca. 34 natiirliche Grdsse). 
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Ohréffnung immer in der Verlangerung des Jochbeines, nur sehr jugendliche 
Exemplare zeigen temporar ahnliche Verhaltnisse wie beim Menschen. 

Das Occipitale ist abgeknickt und zeigt einen deutlichen umlaufenden 
Torus. An der dicksten Stelle ist der Knochen hier nicht weniger als 21 mm 
dick, wie iiberhaupt alle Knochen durch ihre Dicke auffallen. So ist das 
Parietale oben in der Mitte gemessen 8 mm, weiter hinten 11 mm dick. 
Ich méchte hier darauf hinweisen, dass wir so dicke Schadelknochen nicht 
bei den Anthropomorphen finden — ausgenommen natiirlich Stellen mit 
Aussenwerk —, sondern dass dies scheinbar ein typisches Merkmal der 
fossilen Hominiden darstellt. 

Der Torus occipitalis liegt sehr flach, beinahe in der Ebene der gréssten 
Schadellange. Hinter dem Ohre teilt er sich deutlich und knickt nach vorne 
ab wobei der obere Teil (Cristra supramastoidea) zum Zygomaticus ziecht, 
der untere Teil sich aber bald verlauft, so dass es nicht nur Ausbildung 
eines ausgesprochenen Processus mastoideus kommt. Es fehlt also ein 
eigentlicher Mastoid fortsatz, ganz wie bei den Anthropomorphen. 

Beim Menschen wird die fiir ihn typische Ausbildung eines ausgepragten 
Processus mastoideus — an dem der Musculus sternocleidomastoideus sich 
anheftet, der zur Bewegung des Kopfes dient — in Zusammenhang ge- 
bracht mit seinem dauernd geiibten aufrechten Gang. So findet sich ein 
echtes Mastoid auch bei seinen fossilen Vorlaufern, beim Neanderthaler 
wie beim Sinanthropus, oft viel schwacher als beim recenten 
Menschen, aber immer deutlich. Beim Pithecanthropus kann die 
weiter hinten am Torus ansetzende starkere Muskelmasse den Musculus 
sternocleidomastoideus funktionell nicht ersetzt haben, denn sowohl der 
Ngandong wie der Rhodesia~Mensch besitzen trotz eines noch starker 
ausgepragten Torus occipitalis einen kraftigen Mastoidfortsatz. 

Bei den Anthropomorphen, denen wie schon gesagt, ein Mastoidfortsatz 
fehlt, ist besonders bei Gorilla und Orang der auch anders gestellte occipi- 
tale Torus viel scharfer und kammartiger ausgepragt. Seine markantere 
Ausbildung hangt sicher zusammen mit den so anderen Stabilitatsverhalt- 
nissen des Anthropomorphenschadels, der durch starke Prognathie und 
kraftigeres Schnautzengebiss mehr nach vorne iiberhangt. Dagegen beob- 
achten wir nicht unahnliche Verhaltnisse bei den Hylobatiden — Aehnlich- 
keiten im Schadelbau zwischen diesen und Pithecanthropus haben 
sogar dazu gefiihrt, dass verschiedene Autoren in ihm nur eine Riesenform 
derselben zu erkennen glaubten —, nur dass bei diesen durch eine 
scharfgeschnittene Linea temporalis die Entwicklung eines einfach durch- 
laufenden, ahnlich wie bei Pithecanthropus flach liegenden Occi- 
pitalkammes mehr gestért erscheint. 

Wie bekannt kénnen die Gibbons sich sehr wohl auf den Hinterbeinen 
aufrichten und so sich fortbewegen, wenn auch nur ungeschickt wegen ihrer 
iiberlangen, ganz dem Baumleben angepassten Gliedmassen; bei mehr 
menschlichen Proportionen bestiinden sicher viel weniger Schwierigkeiten 
fiir einen aufrechten Gang. So braucht das Fehlen des Mastoidfortsatzes 
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bei Pithecanthropus_ nicht unbedingt im Sinne einer mehr 
quadrupeden Fortbewegung ausgedeutet werden, aber doch wohl so, dass 
er sich vermutlich vorwiegend, aber noch nicht ausschliesslich biped fort- 
bewegte. 

Die umstrittenen Oberschenkelknochen von Trinil méchte ich hier nicht 
in einen Vergleich einbeziehen. Das Alter des Pithecanthropus, 
Mittelpleistocan, ist geologisch so jung, dass in diesen Schichten sehr wohl 
ein weiterer, héher entwickelter Hominide vorkommen kénnte, auf welche 
Méglichkeit ich in verschiedenen Arbeiten bereits hingewiesen habe. Diese 
Uebersicht zeigt, wie ganz ausserordentlich primitiv der Pithecan- 
thropus ist. In der auf die Trinilfauna folgenden Ngandongfauna tritt 
uns bereits ein hochspezialisierter Neanderthaler, der Homo neander- 
thalensis soloensis entgegen. Der phylogenetische Abstand 
zwischen diesen beiden Formen ist so gross, — ob sie genetisch in einem 
direkten Zusammenhang stehen oder nicht tut hier nichts zur Sache und 
muss noch untersucht werden — dass jedenfalls schon aus rein typolo- 
gischen Griinden eine Zwischenform angenommen werden muss. Diese 
kann theoretisch in einem hdheren Niveau der Trinilschichten erwartet 
werden als der Pithecanthropus, praktisch wohl mit ihm zu- 
sammen, da dieser jedenfalls eine Reliktform darstellt. Eine Andeutung 
fiir die eben angenommenen VerhAltnisse diirfen wir in dem dritten unteren 
Pramolaren von Trinil erblicken, den DUBOIS zusammen mit zwei Molaren 
zu Pithecanthropus gestellt hat; die letzteren gehdren aber sicher 
zu Simia, was durch neue Funde bewiesen ist. Der Pramolar ist, nach 
dem kiirzlich beschriebenen Unterkiefer des Pithecanthro pus zu 
urteilen, fiir diesen viel zu klein. Leider fehlt dem Kiefer gerade dieser 
Zahn, aber bei Sinanthropus, der von allen Hominiden auch im 
Gebiss die grésste Aehnlichkeit mit Pithecanthro pus zeigt, ist 
nach WEIDENREICH dieser Zahn auch weit primitiver, sodass im Vergleich 
damit der Pramolar von Trinil eigentlich nur zu Homo gerechnet werden 
kann. Wie DRENNAN (Am. J. Phys. Anthrop. 1936) nachweist, bestehen 
zwischen dem dem Pithecanthropus zugeschriebenen Femur und 
dem des rezenten' Menschen praktisch keine Unterschiede. Aus all diesen 
Griinden wird die Zugehérigkeit der Trinil-Femora zu Pithecan- 
thropus immer zweifelhafter. 

Der neue Schadel mit seinen verwachsenen Nahten gehGrt sicher zu 
einem erwachsenen Exemplare. Er ist zierlicher und kleiner als das 
Schadeldach von Trinil, was in der geringeren Hirnschadellange — 
weniger in der Hirnschadelbreite, die bei dem Trinilschadel nicht vollig 
erhalten ist — und in der starkeren postorbitalen Einschniirung zum 
Ausdruck kommt. Es fragt sich nun ob diese individuellen Unterschiede 
nicht vielleicht sexuell bedingt sein kénnten, 

Bei Sinanth ropus, von dem nun ein grésseres Material vorliegt, 
sind nach WEIDENREICH (Nature 1937) die entsprechenden Aussenmasse: 
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TABELLE II. 


Geschlechtsunterschiede bei Sinanthr opus, 


Mannlich Weiblich 
OOS SS a er: eer oe a eS a 
Grésste Hirnschadellange . . . . , 198 195 19] 
Grésste Hirnschadelbreite . . . ee 148 147 145 mm 


Die Langen- und Breitenmasse sind also bei beiden Geschlechtern nur 
wenig verschieden, mehr die Héhenmasse, doch ist zu einem solchen 
Vergleich die Trinilkalotte zu unvollstandig. 

Besonders wichtig ist in diesem Zusammenhang die Schadelkapazitat. 
Sie lasst sich bei dem neuen Schadel gut bestimmen. Mit Wasser gefiillt 
ergab die Hirnkapsel (vom Oberrand der Orbita bis zum Hinterrand des 
Foramen magnum gemessen), 725 cc. Inhalt, sodass die Kapazitaét nach 
dieser vorlaufigen Untersuchung auf nur etwa 750 cc. angesetzt werden 
darf. Das ist fiir einen Hominiden auffallend wenig, betragt doch die 
grésste beim (mannlichen) Gorilla beobachtete Schadelkapazitat nach 
TOPINARD 623 cc. 

Dusots hat den Schadel von Trinil einem weiblichen Exemplare zu- 
schreiben wollen, ebenso HRDLI¢KA und WEIDENREICH; WEINERT ist in 
seiner ausfiihrlichen Arbeit vorsichtiger gewesen und lasst die Frage offen. 
Die Schadelkapazitat schatzte DuBois auf etwa 900 cc., WEINERT auf 
etwa 1000 cc. Betrachtet man den Trinilschadel als weiblich, dann muss die 
Kapazitat des mannlichen Pithecanthropus- Schadels in jedem 
Falle mindestens 1000—1100 cc. betragen, und Pithecanthro pus 
wiirde in diesem Merkmale auf ganz derselben Stufe stehen wie Sinan- 
thropus. Die oben angefiihrten Tatsachen sprechen nun deutlich 
genug dafiir, dass der hier beschriebene Schadel einem weiblichen, der 
robustere von Trinil aber einem mannlichen Individuum angehért haben 
muss und dass der Pithecanthropus eine geringere Schadel- 
kapazitat besitzt als der Sinanthropus. 


TABELELE IIL. 


Schadelkapazitat : 
ee 
Weiblich | Mannlich 
Eaehecanthropus. 4 5 ss - + ca. 750 cc. ca. 950 cc. 
ca. 1050 cc. ca. 1100—1200 cc. 


Sinanthropus. 


Hiermit méchte ich diese kurzen Betrachtungen abschliessen. Der neue 
Schadelfund bestatigt nicht nur die Hominidennatur des Pithecan- 
thropus, die nach WEINERT’s Stirnhéhlennachweiss und nach den 


deutlichen Affinitaéten mit Sinanthro pus (BLACK; WEIDENREICH) 
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fiir die meisten nicht mehr zweifelhaft sein konnte. Dariiber hinaus zeigt 
er uns eine unerwartete Primitivitat dieses fossilen Hominiden. Da diese 
sich nicht nur am Schadel im Fehlen eines Mastoidfortsatzes und deutlicher 
in der geringen Kapazitat, sondern auch im Unterkiefergebiss in der 
Anwesenheit eines noch unreduzierten dritten Molaren dokumentiert, 
diirfte es sich kaum nur um eine einseitige Spezialisation handeln. Die 
Beobachtungen am Unterkiefer wie am Schadel ergdnzen sich véllig; 
Pithecanthropus erweist sich nach den neuen Funden als primitiver 
als Sinanthropus, und somit als der primitivste Hominide, den wir 
bisher kennen. | 

Es ist mir eine Pflicht, am Schlusse dieser Ausfiithrungen der Carnegie | 
Institution of Washington, vor allem Herrn Dr. JoHN C. MERRIAM, fiir 
die Unterstiitzung dieser Untersuchungen meinen Dank auszusprechen. 


